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This  little  book  has  been  prepared  to  present  the  work  in 
Geometry  and  Algebra  laid  down  in  the  curriculum  of  the 
Public  Schools  of  Ontario. 

These  subjects  are  taught  during' ofily  one  year  of  the  course, 
and  to  pupils,  of  whom  the  majority  do  not  havp  opportunity 
oi  proceeding  further.  Consequently  completeness  of  treat- 
ment as  well  as  simplicity  has  been  considered. 

The  aim  has  been  to  present  practical  definite  aspects  of  the 
subjects  rather  than  to  seek  to  lay  a  foundation  for  higher 
work  in  mathematics. 

The  problems  and  exercises  are  numerous,  over  fifteen 
hundred  in  all.  Many  of  these  are  suitable  for  viva  voce 
class  work. 
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EXJOLID'S   ELE:]MEJNT'S 


BOOK  1.— PiiOPOSITIONS  1—26. 


xCuclid  was  the  first  teacher  of  mathematics  in  the  tir«t  g»"eat 
university  of  the  world — that  founded  at  Alexandria  about 
300  B.  C.  He  was  the  author  of  works  on  Geometry,  Arith- 
metic, Astronomy,  Optics  and  Music. 

His  work  known  as  Euclid's  Elements  consisted  of  thirteen 
books,  of  which  the  first  six  and  the  last  three  treat  of  Geo- 
metry ;  the  remaining  books  treat  of  Arithmetic. 

The  proofs  of  the  propositions  which  are  given  in  this  edition 
of  a  part  of  the  first  book  of  the  Elements  are  considered  to  be 
just  about  the  same  as  those  presented  by  Euclid  to  his  classes. 
They  have  been  used  ever  since  his  time  as  models  of  deduc- 
tive reasoning,  and  their  form,  as  well  as  the  geometrical  facts 
which  they  present,  should  be  studied. 

DEFINITIONS. 

In  the  definitions,  Euclid  names  the  things  with  which  he 
proposes  to  deal,  and  states  the  distinguishing  marks  by  which 
these  things  are  to  be  recognized. 

The  definitions  should  be  carefully  considered,  and  com- 
mitted to  memory  as  they  are  used. 

1.  A  point  is  that  which  has  position  but  has  no  magni- 
tude. 

A  point  is  indicated  by  a  dot  with  a  letter  attached,  as  the 
point  A.  A 

2.  A  line  is  that  which  has  length,  but  has  neither  breadth 
nor  thickness. 
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A  line  is  indicated  by  a  stroke,  with  a  letter  placed 
at  each  end,  as  the  line  AB.  ^  ^ 

The  extremities  of  a  line  are  points,  and  the  intersection  of  two 
lines        .}  ci)i*. 

The  letters  placed  at  the  ends  of  a  line  are  used  also  to  indicate 
the  extremities. 

A  letter  plpoed  at  the  irterrectioi:  o*  two     A^-^  ^B 

lines  indicates  the  point   of  intersection,   as  r^^^^^CT"^ 

the  point  0.  ^y. "^  ^^^^'""-^n 

o.  A  Ftraigcht  liue  is  one  which  lies  evenly  between  'ts 
extreme  points. 

Only  one  straight  line  can  lie  between  two  given  points. 

4.  A  surface  is  that  which  has  length  and  breadth,  Ijut  no 
thickness. 

5.  A  plane  surface  Cor  a  plane)  is  one  in  which,  if  any 
two  pfiints  be  takejx,  the  straight  line  between  them  lies 
wholly  in  that  surface. 

fi.  An  angle  is  the  inclination  of  two  straight  lines  to  one 
another  which  meet  together,  V)ut  are  not  in  the  same  straiglit 
line. 

The  point  at  which  the  lines  meet  is  called  the  vertex,  and  the  lines 
are  called  tlie  urms  of  the  angle. 

An  angle  is  named  by  three  letters,  one 
placed  at  the  vertex,  and  one  on  each  of 
the  arms;  but  these  must  be  arranged  so 
that  the  one  denoting  the  vertex  shall  be 
the  middle  letter.  ^^  ~ C 

Thus  the  angle  represented  is  called  the  angle  ABC,  or  the  angle 
CBA. 

7.  When  a  straight  line  stantliiig  on  an- 
other straiglit  line  makes  the  adjacent  angles 
<'(|UJil  to  <»ne  aiiotlier,  each  of  the  angles  is 
called  a  right  angle,  and  the  straight  line 
which  stands  on  the  t.tiicr  ia  called  a  perpen- 
dicular to  it. 
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8.   An   obtuse  angle  is   one 

is  greater  than  a  right  angle. 


i^hich 


9.  An  acute  angle  is  one  which  is  less  than      ^ 

a  right  angle.  ^^^^ 

10.  Any  portion  of  a  plane  surface  bounded  (or  contain- 
ed) by  one  or  more  lines  is  called  a  plane  figure. 

11.  A  circle  is  a  plane  figure  contained  by  one  line  which 
is  called  the  circumference,  and  is  such  that  all  straight 
lines  drawn  from  a  certain  point  within  the  figure  to  the 
circumference  are  equal  to  one  another.  This  point  is  called 
the  centre  of  the  circle. 

A  circle  is  usually  named  by  three  letters,  each  of  which  denotes  a 
point  on  the  circumference. 

12  A  radius  of  a  circle  is  a 
straight  line  drawn  from  the 
centre  to  the  circumference. 

13.  A  diameter  of  a  circle 

is  a  straight  line  drawn  through 
the  centre,  and  terminated  b<»th 
ways  by  the  circumference. 

Thus  ABC  is  a  circle  of  which  O  

is  the  centre  ;  OA,  OB  and  OC  are  radii,  and  J  6'  is  a  diameter. 

14.  Parallel  straight  lines  are  such  as  aie  in  the  same 
plane,  and  being  produced  ever  so  far  both  ways,  do  not  meet. 


Thus  A  B  and  CI)  are  parallel  straiglit  ^' 

lines.  Q, 


16.   A   rectilineal  figure   is    one   which  is  contained  by 
straight  lines. 
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These  Btraight  lineB  are  called  the  sides  of  the  figure,  and  the  sum 
of  tl'em  is  called  the  perimeter  of  the  figure. 

A  rectiline"!  Sgure  is  named  by  stating  in  order  the  letters  which 
denote  its  angular  points. 

16.  A  triangle  is  a  plane  figure  contained  by  three  straight 
lines. 

Any  one  of  the  angular  points  of  a  triangle  may  be  called  the  vertex 
of  the  triangle  :  the  side  opposite  to  the  vert«x  is  called  the  base. 

17.  A  quadrilateral  is  a  plane  figure  contained  by  four 
straight  lines. 

The  straight  line  which  joins  opposite  angular  points  of  a  quadri- 
lateral is  called  a  dlagronal. 

18.  A  polygon  is  a  plane  figure  contained  by  more  than 
four  straight  lines. 


1 9.  An  equilateral  triangle  is  one  that  has 
three  equal  sides. 


20.   An   isosceles   triangle  is  one  that  has  two 
equal  sides. 


21.   A  scalene  triangle  is  one  that  has  three 
unefjual  sides. 


22.  A  right-angled  triangle  is  one  that 
has  a  right  angle. 

The  side  opposite  to  the  right  angle  in  a 
right-angled  triangle  is  called  the  hypote- 
Bnse. 
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23.     An    obtuse-angled  triangle  is 
one  that  has  an  obtuse  angle. 


24.  An  acute-angled   triangle  is   one  that 
has  three  acute  angles. 


25.  J^.  rhombus  is  a  quadrilateral  that 
has  all  its  sides  equal. 


26.  A  square  is  a  quadrilateral  that  has 
all  its  sides  equal,  and  all  its  angles  right 
angles. 


27.  A   parallelogram  is  a  quadri- 
lateral whose  opposite  sides  are  parallel. 


28.  A  rectangle  is  a  quadrilateral  whose 
opposite  sides  are  parallel,  and  whose  angles 
are  right  angles. 


29.  A  trapezium  is  a  quadrilateral 
that  has  two  sides  parallel. 
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POSTULATES. 


Tt  is  not  possible,  even  with  the  best  of  instruments,  to  draw 
straight  lines  or  circles.  But  since  Euclid  wishes  to  reason 
about  figures  mads  up  of  straight  lines  and  circles,  he  requests 
that  his  attempts  to  draw  these  be  considered  successful. 
He  makes  these  requests  in  three  postulates,  given  below, 
wliich  should  be  memorized,  u.m  referred  to  by  n'^mber. 

Let  it  be  granted  : 

1.  That  a  straight  line  may  be  drawn  from  any  one  point 
*^^o  any  othor  point. 

2.  That  a  terminated  straignt  line  may  oe  produced  to 
an}^  length  either  way. 

3.  That  a  circle  may  be  described  with  any  centre,  and 
at  any  dists.^'^e  frf)m  that  centre. 


AXIOMS. 

In  the  axioms,  Euclid  makes  twelve  simple  .statements, 
the  truth  of  vdiich  is  self-evident.  They  form  the  founda- 
tion on  which  tli3  whole  science  of  geometry  is  built.  They 
should  be  connnitted  to  memory,  and  referreil  to  by  number. 

1 .  Things  which  are  equal  to  the  same  thing  are  equal  to 
one  another. 

2.  Tf  equals  be  added  to  equals,  the  sums  are  equal. 

3.  Tf  equals  be  tfiken  from  equals,  tlie  remainders  are  equal. 

4.  If  equals  be  adih^d  (o  unequals,  the  ;.uius  are  unequal,  the 
greatei"  sum  l)eing  obtained  fnjm  the  greater  unequal. 

5.  If  equals  be  taken  from  unequals,  the  remainders  are 
unetiual,  tlie  greater  lemaiuder  being  obtained  from  the  greater 
unequal. 
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6.  Thing^=!  which  are  doubles  of  the  sam*  thing  a»'e  equal 
to  one  another. 

7.  Things  which  are  halves  of  the  same  thing  are  equal 
to  one  another. 

8.  Magnitudes  vv^hich  coincide  wilu  one  anouner  are  equal 
to  one  another. 

9.  The  whole  is  greater  than  its  part,  anr{  equal  to  the 
sum  of  all  its  parts. 

10.  Two  straight  lines  cannot  enclose  a  space. 

1 1 .  All  right  angles  are  equal  to  one  another. 

12.  If  a  straight  line  meets  two  other  sti'aight  lines,  so  as  to 
make  the  interior  angles  on  one  side  of  it  together  less  than  two 
risfht  angles,  these  two  straight  lines  will  meet  if  continually 
produced  on  the  side  on  which  are  the  angles  which  are 
together  less  than  two  right  angles. 


SYMBOLS  AND  ABBREVIATIONS. 

The  following  symbols  and  al)l)re\aations   are   used   in  the 
propositions  : — 

=  stands  for  '  is  equal  to,'   '  are  equa^  Lo,    or  '  be  equal  to.' 


z 

a 

*  angle.' 

A 

ii 

'  triangle.' 

0 

a 

'  circle.' 

Qce 

li 

'  circumference. 

a 

'  therefore.' 

Def. 

a 

'  Definition.' 

Post. 

a 

*  Postulate.' 

Ax. 

a 

'  Axiom.' 

Prop. 

a 

'  Proposition.' 

Hyp. 

(( 

'  Hypothesis.' 

Constr. 

(( 

*  Coustruction.' 

mm  vAkcoF. 
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THE  PROPOSITIONS. 


7NTR0DTT0T''0^r  TO   PROPOSITION   1, 

a.  State  the  definition  of  a  circle,  a  triangle,  an  equilateral  triangle. 

2.  What  is  a  PoHtulate  ?  An  Axiom  ?    State  Poat.  1,  Post.  2  and  Ax.  1. 

A 

3.  Make  a  triangle  whose  angular  points  are  the  points 

A,  5  and  (7 

B-  <; 

4.  (aj  Find  a  point  which  is  at  the  same   distance   from   the  point 

A  that  the  point  B  is.  ^ B 

(b)  In  what  line  do  all  such  points  lie  ? 

(c)  Draw  a  line  every  point  of   which   will  be  at  the  same  dis- 
tance from  B  that  A  is. 

(d)  Find  a  point  that  is  equidistant  from  A  and  B. 

5.  ABG  is   an   equilateral   triangle.     How   does    the 

distance  of  the  point  A  from  the  point  B  compare 
with  the  distance  of  the  point  A  from  the  point 
G? 


?F0P08ITI0N  1.     Problem. 
To  describe  an  equilateral  tmangle  on  a  given  straight  line. 


F 

Let  ABhe  the  given  straight  line. 
It  is  required  to  describe  an  equilateral  triangle  on  AB. 
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With  centre  A  and  distance  A£,  describe  ©  BCD.    Post.  3 
With  centre  B  and  distance  BA,  describe  0  ACE.    Post.  3. 
Let  the  circumferences  intersect  at  the  point  C. 

Join  ^C'and  CB.  Post  1. 

ABC  shall  be  an  equilateral  ^. 
For,  because  A  is  the  centre  of  0  BCD, 

.:     AC  =  AB.  Def.  of  Q. 

And  because  B  is  the  centre  of  0  ACE, 

.-.     BC  =  AB  Def.  ofQ. 

Now,  since  AC  and  BC  are  each  equal  to  AB, 

.-.     AC  =  BC  Ax.  1. 

Thus  AB,   BC  and   AC  are  ail  equai,  and  an  equilateral 

triangle  ABC  has  been  described  on  AB.     Def.  of  equilateral  /\^. 

QUESTIONS    ON    PROPOSITIOX    1. 

L  If  the  two  circumferences  intersect  also  at  F,  what  kind  of  a  triangle 

will  be  formed  by  joining  ^Z'  and  BF  ? 
2.   What  kind  of  a  quadrilateral  is  the  figure  A  GBF  ■ 


INTRODUCTION   TO   PROPOSITION   2. 

1.  Define  a  circle.     Is  it  possible  to  draw  a  circle  on  a   plane  surface 

with  a  pair  of  compasses  ? 

2.  State  the  postulates.     State  Ax.  2  and  Ax.  3. 

3.  (a)  Find  a  point  equidistant  from  A  and  B.  A.  B 
(bj  Show  how  to  describe  a  circle  that  will  pass  through  A  amd  B. 

4.  ABC  a.nd  DEF&re  concentric  circles,  having 

as  common  centre  the  point  0.  OD  and  OE 
are  radii  of  the  circle  DEF  which  cut  the 
circumference  of  the  circle  ABC  at  the 
points  A  and  B  respectively. 

(a)  Show  that  AD  equals  BE. 

(hj  Draw  from  G,  a  point  on  the  circumfer- 
ence ABC,  a  straight  line  equal  Ut  AD.  ^j^ 
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5.  A   radius  of   the  circle   ABC  is  produced   lo 

i).     Show  how   to  draw  from   B  a  straight     C[       0 
line  equal  to  AD. 


6.  When  AD  is  not  in  the  same  straight  line  as 
OA,  show  hov\-  to  draw  from  fi  a  straight 
line  equal  lo  AD.  ry 


PROPOSITION  2.     Problem, 

^,om  a  given  point  to  araiv  a  ntraight  line  equal  io  a  yiven 
straAght  HriP. 


Let  A  be  the  given  point,  and  BC  the  given  straight  line. 
It  is  required  to  dni\v  from  A  a  straight  line  equal  to  BC. 
Join  AB.  Post.  1. 

On  AB  describe  the  equilateral  ^  DAB.  Prop.  1. 

With  centre  B  and  distance  BC  describe  0  CEF.     Post.  3 

Produce  DB  to  meet  the  O'^'^  CEF  in  E.  Post.  2 

With  centre  D  and  distance  DE  describe  0  EGH.    Post.  3 

Produce  DA  to  meet  the  O^"  EGH  iu  G.  Post.  2 
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Then  will  AG  =  BC. 
For,  because  D  is  the  centre  of  0  EGH, 

.:     J)£J  =  DG.  Def  of  0. 

Of  these,  the  parts  D£  and  DA  are  equal.  Def.  of  equilattral  A- 
the  remainders  BE  and  AG  are  equal.  Ax.  3. 

And,  because  B  is  the  centre  of  0  CEF, 

.:     BG  =  BE.  Def.  of  Q. 

Bu'.  aG  =  BE. 
.-.     AG  «  BC.  Ax.  1. 

Thus  from  the  point  A  a  straight  liie  A   '  has  been  drawn 
equal  to  BC. 

QUESTIONS  ON  PROPOSITION  2. 

L  Under  what  circumstances  would  the  point  D  lie    outside  of  the 
circle  CEF  ? 

On  the  circumference  of  the  circle  GEF  / 

2.  If  D  were  without  the  circle  CEF,  would  it  be  necessary  to  produce 

DB  ? 

3.  Could  the  problem  be  solved  by  producing  BD  instead  of  DB  ? 

4.  Could  the  problem  be  solved  by  joining  A C  instead  oi  AB ? 

5.  Does  the  line  A  G  always  lie  in  the  same  direction,  no  matter  which 

of  the  above  methods  of  construction  is  used  i' 


INTRODUCTION    TO    PROPOSITION    3. 


AB  Bund  AC  are  two  straight  lines   of  which   AB  is  the  greater, 
Show  how  to  cut  off  from  AB  a  part  equal  to  AC. 
b 
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Frorii  the  greater  of  itvo  given  straight  lines  to  cnc  ojf  a  j'ti't't 
equfU  to  the  less. 


Let  y'iB  and  CD  be  the  two  given  straight  lines,  of  which 
AB  is  the  greater. 

It  is  required  to  cut  off  from  A£  a  part  equal  to  CD. 
From  A  draw  the  straight  line  AE,  equal  to  CD.      Prop.  2. 
With  centre  A  and  distance  J  ZT  describe  0  EFG,      Post.  3. 
cutting  AB  in  F. 

Then  will  AF  =  CD. 
For,  because  A  is  centre  of  0  EFC, 

.:     AF  =  AE.  Def.  of  Q). 

But  CZ>  =  AE.  Constr. 

.-.     AF  =  CD.  Ax.  1. 

Thus  from  AB  n  part  AF  has  been  cut  off  equal  to  CD. 


QUESTIONS    ON    PROPOSITION    3. 

1.  Why  not  say  "with  centre    A  and  distance  CZ>  describe  ^  EF6, 

cutting  AR  in  F'"? 

2.  Can  the  required  part  be  cut  off  from  either  end  of  the  line  .4  R  ? 

3.  Make  the  figure,  putting  in  the  construction  necessarj-  to  draw  AE 
equal  to  CD. 
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EXERCISES. 

Find  the  solutions  of  the  following  exercises,  and  write  the 
pi'oof  of  each  solution  in  a  form  sirailar  to  that  used  by 
Euclid  in  his  propositions. 

1.  AB  i8  a  given  straight  line.       Produce  the  line,  making  the  whole 

length  double  that  of  .d  B.  A B 

2.  Describe  an  isosceles  triangle   on  a  given  straight  line,  such  that 

each  of  the  equal  sides  sliall  be  twice  as  long  as  the  base. 

3.  On  a  given  straight  line  describe  an   isosceles  triangle  having  each 

of  the  equal  sides  equal  to  another  given  straight  line. 

4.  Draw  a  straight  line  tiiree  times  as  long  as  a  given  straight  line. 

5.  On  a  given  straight  line  describe  an  isosceles  triangle  having  each  of 

the  eoual  sides  three  times  as  long  a3  the  third  side. 

6.  From  a  given  point  C,  in  a  given  sLraigbt  line  AB,  nvf^^  "  straight 

line  equal  to  AB. 

7.  Produce  the  less  of  two  given  straight  lines,  making  it  equ^l  to  tha 

greater. 


INTRODUCTION    TO    PROPOSITION    4. 

State  Ax.  8,  and  Ax.  ID. 

What  is  the  meaning  of  '  coincide '  ? 

Are  two  angles  necessarily  equal,  if  the  straight  lines  which  form  the 

angles  are  equal,  ea.ch  to  each  ? 
Two  circles  have  equal  radii :  show 
that   they   have    equal   areas   and 
equal  circumferences. 
Two  squares  have  the  sides  of  the  one 
equal  to  the  sides  of  the  other.       Show  th^^t  they  have  equal  areas 
and  equal  perimeters. 
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PROPOSITION  4.     Theorem. 

If  iivo  triangles  have  tiio  sides  of  the  one  equal  to  two  sides  of 
tlie  other,  each  to  each,  and  Jiave  also  the  angles  contained 
hy  those  sides  equal  to  each  other,  they  shall  also  have  their 
third  sid::s  equal ;  and  the  two  triatu/les  shall  be  equal,  and 
the  other  angles  shall  he  equal,  e(ich  to  each,  tuimely  those 
to  ichich  the  eqiud  sides  are  opposite. 


lu  the  AS  ABC  s-nd  DEF, 
let  AB      =      DE, 
AC     =     DF, 
and  I  BAC  =  I  EDF. 
It  IS  re4uired  to  prove  that  BG  =  EF, 

A  ABC  =   ^  LEF, 
Z  ABC  =    Z  JJEF, 
and  Z   ACB  =    Z   I>FE, 
If  J\    ^EC  be  applied  to  ^  UEF,  so  that  A  falls  on  7),  and 
LB  ^"]h  xa  DE,  tlien  B  will  coincide  with  E, 

bc*cause  AB  =  DE.  ^Aw- 

Ai.J  ^>ecause  AB  coincides  with  JjE, 

.M.w-  Z  jUC^  Z  EO/'.  tlyp. 

.:  J (7  will  fall  ou  Z)/'. 
Ami  because  AC  ^  DF,  Hyp. 

.  C  will  coincide  with  /'. 
Aiui  l..(.Mi,e  B  coincidt^s  with  E,  and  C  with  /', 
BC  will  coincide  with  EF. 
ioi,  if  not,  let  it  fall  otherwise,  as  EOF 
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T}ien  fy>e  two  straight  lines  BC  and  EF  uijl  *»nrlose  a  space, 
which  is  impossible.  Ar.  10. 

Hence  BC  coincides  with  and  .*.   =  UF,  Ax.  vS. 

\  ABC       "  "       '•     .-.  =     ■-  DEF, 

I  ABC       "  "       ".-.-/  DEE, 

and  I  ACB       "  "        "     .-.   =    /    DFE. 

Questions  on  Pkofositiox  4. 

I.   State  the  axioms  used  in  the  proof. 

9..  Are  the  words,  '  each  to  each,'  necessary  in  the  enunciation  ? 

3.  Does  ^  C  necessarily  fall  on  DF,  il  AB  coincides  with  DE'i 

4.  Prove   the   proposition,    beginning   the   superpositifni    bj'   applying 

BtoE. 


ni: 


EXERCISKS. 

1.  The  sides  of  tlie  square  A  BCD  are 

equal    to    the  sides    of   the    square  » 
EFGH. 
Show  that  : 

(a)  The  diagonals  AC  and   EG   are 

equal. 

(b)  The  diagonals   AC  and  BD  are^' 

equal. 

(c)  The  diagonal  AC  bisects,  that  is,  divides  into  two  equal  parts, 

the  angle  BAD. 

(d)  The  squares  are  equal  in  area. 

2.  A  straight  line  A  D  bisects  the  vertical  angle  BA  C  of  the  isosceles 

triangle  ABC,  and  meets  the  base  at  the  point  D.  Show  that 
D  is  the  middle  point  of  the  base,  and  that  AD  is  perpendicu- 
lar to  BC. 

3.  If  two  straight  lines  bisect  each  other  at  right  angles,  any  point  in 

either  of  them  is  equidistant  from  the  extremities  of  the  other. 

4.  The  middle  points  of  the  sides  of  a  square  are   joined  in   order. 

Show  that  the  quadrilateral  formed  by  these  joining  lines  is  equi- 
lateral. 

5.  A  BCD  is  a  square,  E  is  a.  point  in  AB,   and  i^is  a  point  in  CD, 

such  that  AE  is  equal  to  CF ;  EF  is  joined.     .Show  that  the  angle 
AEF  ia  equat  to  the  angle  CFE. 
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Propositions  are  divided  into  two  classes,  theorems  and  problems 

A  iiheoi'em  is  a  truth  that  requires  to  be  proved  by  me^ns  of  other 
truths  already  known.  The  truths  already  known  are  eithei-  axicsr;s  or 
theorems. 

A  problem  is  a  construction  which  is  to  be  made  by  means  of  the 
principles  ot  construction  granted  in  the  postulates  or  proved  in  previous 
problems. 

The  enunciation,  or  statement,  of  a  theorem  consists  of  two  parts, 
the  hypothesis,  which  states  that  W'hich  is  assumed,  and  the  conclu- 
sion, which  states  that  which  is  asserted  to  follow  from  the  hypothesis. 

The  hypothesis  of  Prop,  t  is  "  If  two  triangles  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other,  each  to  each,  and  have  also  the 
angles  contained  by  those  sides  equal  to  each  other  ;  "  the  conclusion  is 
"they  shall  have  their  third  sides  equal,  and  the  two  triangles  shall  be 
equal,  and  the  other  angles  shall  be  equal,  each  to  each,  namely  those 
to  which  the  equal  sides  are  opposite." 

Figures  which  may  be  made  to  coincide,  are  said  to  be  "  equal  in  all 
respects. " 

The  three  sides  and  the  three  angles  of  a  triangle  are  called  the 
"  parts  of  the  triangle." 

Thus,  the  triangles  considered  in  Prop.  4,  are  proved  to  be  equal  in 
all  respects,  since  the  parts  of  the  one  are  equal  to  the  corresponding 
parts  of  the  other. 

Introduction  to  Proposition  5. 

1.   Define  isosceles  triangle.     Which  side  of   an    isosceles   triangle   is 

called  the  base  ? 
•2.   In  the  accompanying  figure  point  out  and  name 
the  angle  which  is 
Ca)  The  sum  of  the  angles  ABC  and  CBl). 
(}))  The  difference  of  the  angles  ABDa.\\d.  CBl).    p^ 

3.  In  the  figure,  AB\%  equal  to  AD,  and  AC  is  equal 
to  A  E. 
(a)  Join  BE  and  DC.    Name  the  parts  of  the  As  ACD 

and  -4  EB,  which  are  equal. 
(U)  Prove  that  CD  is  equal  to  BE. 
(c)  Join  BD.     Name  all  the  parts  of  the  as  BCD 

and  DEB,  which  are  equal. 
fd)  What  kind  of  a  triangle  is  a  ABD  : 
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.IV 


The  mt'jles  at  iJie  base  of  an  ijUciCtles  trianyle  are  equal;  and 
if  the  equal  sides  he  jyroducex  the  angles  on  the  othur 
side  of  the  base  shall  clso  be  cQual. 


to 


d/  \e 

In  A  ABC,  let  AB  =  AC,  and  let  AB  and  AC  be  produced 

r  a.  id  i:. 


It   is 


required  to  prove  that  /  ABC  =   Z  ACB, 

and  Z  I^BC  =   Z  FCB. 

In  BD  take  any  point  F, 

and  from  AE  cut  oS  AG,  equal  to  A I 

Join  BG  and  CF. 

In  ^s  AFC  and  AG B, 

AF     =    AG, 

AC     =    ^^, 

and  I  FAC   =     Z  6^/f  A 

.-.  i^C       =    GB, 

Z  ^i^C   =     Z  ^6-5, 

and  Z  ACF    =     Z  ^^6'. 

Again,  because  yl/'       —     AG, 

andyl^       =    AC, 

.-.  BF       =     C6'. 
And  in  ^<  BFC  and  C&'5, 
5/^       =     CG, 
FC       =     CA 


Post.  1. 

Constr. 
Hyp. 


Pro]).  4. 


Ax.  3. 
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A 


and  Z  BFC  Z   ^"^, 

.-.  Z  B'JJ^    -     /  CBG, 
and  l  J'BC    =     Z  (?C7;.  Prop.   4. 

Now,  because  Z  ABC     =     Z  ^C/', 
and  IC^G    =     Z  ^Cr, 

.-.  Z  ^/?C    =     Z  ^'^'V^,  -t-^  3 

and  these  are  the  angles  at  the  base. 

It  has  also  been  proved  that  Z  FBC  =   Z   O'CB,   and  thesp 
are  the  angles  on  the  other  side  of  the  base. 


It  is  evident  that  if  a  triangle  has  all  its  sides  equal,  it  has 
all  its  angles  equal ;  that  is,  an  equilateral  triangle  is  equi- 
angular. 

A  truth,  such  as  the  above,  which  is  easily  and  directly  inferred  from 
a  proposition,  is  called  a  ooroUary  of  that  proposition. 

Questions  on  Proposition   "i 

1.  What  is  the  hypothesis  of  Proposition  5  ? 

2.  What  is  the  conclusion  of  Proposition  5? 

3.  Would  it  do  equally  well  to  say  "In  AD  take  any  point  F"* 


KXKKriSKS. 


1.  Prove  that  the  diagonal  of  a  rhombus  divides  it  into  two  isosceles 
triangles. 
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5.  Prove  that  the  opposite  angles  of  a.  rhombus  are  equaL 

3.  Prove  that  the  diagonal  oi  .^   rnombi  a    bisects  each  oi  the  angled 

through  which  it  passes. 

4.  Two  isosceles  triangles,  ABO  a,ud  ")BC,  have  the  same  base  BC. 
(a)  Prove  that  the  angle  ABD  i ,  equal  to  the  angle  A  CD. 

(h)  Prove  that  the  angle  BAD  is  eqaal  to  the  angle  CAD. 
(c)  Prove  that  AD,  or  AD  produced,  bisects  the  base  BC. 

5.  ABC  is  an  isosceles  triangle ;  and  in  the  base  BO  two  points  D,  E 

are  taken  such  BD  =  CE ;  prove  that  A  DE  is  an  isosceles  triangle. 

6.  Prove  that  the  diagonals  of  a  square  divide  the  figure  into  four 

isosceles  triangles. 

7.  Two  equal  circles,  whose  centres  are  A  and  B,  intersect  at  the  point 

O.  Join  CA  and  OB,  and  produce  them  to  meet  the  circumfer- 
ences at  D  and  E  respectively.  Join  DE.  Prove  that  the  angle 
CDE  equals  the  angle  CED. 

8.  ABO  is  an  equilateral  triangle  :  D,  E  and  F  are  points  in  the  sides 

AB,  BO  a.nd.  CA,  such  that  AD=-BE=CF.  Show  that  the  tri- 
angle DEF  is  equilateral. 


Introduction  to  Proposition  6. 

1.  There  are  two  straight  lines,  AB  and  CD. 

(a)  li  ABis  not  greater  than  CD,  must  ^fi  be  less  than  CD  ?  Why? 
(h)  If  AB  is  not  equal  to  CD,  is  AB  necessarily  greater  than  CD  ? 
(r)  If  ^5  is  not  greater  than  CD,  nor  less  than  CD,  what  relation 
must  exist  between  A  B  and  CD  ? 

>D 
In  the  figure,  AB  =  CD,  and  z.  ABC  =   L 
DOB,   prove   that  AC   ^-    BD,   and   that 
A  ABO  =   A  DOB. 
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PROPOSITION   6.     Theorem. 

If  tvjo  anijlen  of  a  trianqle  he  eaual,  the  si'lea  opposite  tJiein 
shall  also  be  equal. 


Ill  A  ABC  let  I  ABC  =  Z  ACB. 
]t  is  required  to  prove  that  AC  —  AB. 
If  A  C  is  not  equal  to  A  B,  one  of  them  must  be  the  trpeater. 
Let  AB  he  the  greater. 
From  BA  cut  off  BB  equal  to  AC.  Prop.  3. 

Join  DC.  Post.  1. 

In  As  DBC  sxndACB, 

DB      =    AC,  Comtr. 

BC      =    CB, 
and  Z  J)BC   =    Z  ACB,  Hyp. 

.:  A  DBC   =     A  ACB.  Prop.  4. 

But  this  is  inipossil>le,  since  A  DBC  is  a  part  of  A  ACB. 
Tlierefore  AB  is  not  greater  than  AC. 
Similarly  it  may  be  shown  that  AB  is  not  less  than  AC. 
.:  AH  =  AC. 


Corollary.      An  equiangular  triangle  is  equilateral. 

QuESTUiNs  o\  Proposition'   G. 

\.   How  would  you  proceed  to  show  "  that  AB  is  not  less  than  AC''^. 
9.   What  is  the  hypothesis  of  Proposition  6  ? 
3.  What  is  the  conclusion  of  Proposition  6  t 


Euclid's  elements. 


21 


4.   What  relation  exists  between  the  hypothesis  of  Prop.  6  and  the  con- 
clubion  of  Prop.  6  ;  and  also  between  the  first  part  of  the  conclu- 
sion of  Prop.  5  and  the  hypothesis  of  Prop.  6  ? 
Two  propositions  are  said  to  be  converse,  when  the  hypothesis  of 

each  is  tlie  conclusion  of  the  other. 


EXEP.CISE.S. 

1.  The  diagonals  of  the  square  A  BCD  intersect  at  E.     Use  Prop.  6  to 

prove  that  the  triangle  EAB  is  isosceles. 

2.  Prove  that  the  diagonals  of  a  rhombus  bisect  each  other  at  right 

angles. 

3.  Show  that  the  straight  lines  which  bisect  the  angles  at  the  base  of 

an  isosceles  triangle,   form  with  the  base  a  triangle  which  is  alsu 
isosceles. 

4.  In  the  figure  of  Prop.    1,   if  the  straight  line  ^42?  be  produced  both 

ways,   to   meet  the  one  circumference  at  I>  and  the  other  at  E, 
show  that  the  triantjle  CDE  is  isosceles. 


IXTRODUCTION    TO    PhoPO.SITION    7. 

1.  AB  and    CD   are   two  straight   lines. 

CE  =  AB.  A 

(a)  How  does  AF  compare   in  length        q — — i 

with  CE  ? 
(  h)  How  does  A  F  compare  in  length  with  CD  ? 

2.  A  BC  and  DEF  are  two  angles, 

and  z.  ^5C=  /.  HEF,  which 
is  a  part  of  l  DEF. 

( a)  How  does   /.    GBC  compare 

in  magnitude  with  A  l?^^/'?  B  C 

(b)  How  does   z.    GBC  compare  in  magnitude  with  , 

3.  Show  that  two  isosceles  triangles  cannot  stand  on  the  same  base  and 

on  the  same  side  of  it,  unless  the  vertex  of  the  one  triangle  falls 
inside  the  other  triangle. 

4.  Two  triangles Jiave  the  three  sides  of  the  one  respectively  equal  to 

the  three  sides  of  the  other.     Can  they  be  made  to  coincide  ? 
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PROPOSITION    7.     Theorem. 

Two  triangles  on  the  same  hose  and  on  tJie  same  side  of  it  cannot 
Iiavp  their  conterminous  <iides  equal. 


If  it  is  possible  let  the  two  as  ABC,  ABD  on  the  same  base 
AB,  and  on  the  same  side  of  it,  have  ylC  equal  to  AD,  and  BC 
equal  to  BD. 

Three  cases  may  occur  : 

(1)  The  vertex  of  each  A  may  l^  outside  the  other  /^. 

(2)  The  vertex  of  one  A  may  be  inside  the  other  A  . 

(3)  The  vertex  of  one  A  may  be  on  a  side  of  the  other  A  . 
In  the  first  case  join  CD  ;  and  in  the  second  case  join  CD 

and  produce  A  C  and  AD  to  E  and  F. 

Because  AC  =  AD, 

.-.  Z  ECD  =  Z  FDC.  Prop.  5. 

But  Z  ECD  is  greater  than  Z  BCD.  A.v.  9. 

.-.  Z  FDC  is  greater  than  Z  BCD. 
Much  more  then  is  Z  B DC  greater  than  Z  BCD. 
But  because  BC  =  BD, 
.:  Z  BDC  =  Z  BCD  ;  Prop.  5. 

tliat  is,  Z  BDC  is  greater  than  and  equal  to  Z  BCD, 
which  is  impossible. 
The  third  case  needs  no  proof,  because  BC  is  not  equal  to 
BD.      Hence  two  triangles  on  the  same  base  and  on  the  same 
side  of  it  cannot  have  their  conterminous  sides  equal. 
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PROPOSITION  8.  Theorem, 
If  two  triangles  licive  two  sides  of  the,  one  equal  to  two  sides  of 
the  otJier,  each  to  sack,  and  have  likewise  their  bases  equal, 
the  angle  tvhich  is  contained  by  thu  tino  sidej  ffthe  one  shall 
be  equal  to  the  angle  contained  by  the  two  sid^s,  e-^ual  to 
them,  of  the  other. 


B  C      L 

In  the   '.  s  ABC  and  DEF, 
let  AB       =    DE, 
AC       =    I>F, 
and  BC       =    EF. 
It  is  required  to  prove  that  /  BAC  ~  Z  EDF. 
Apply  the  A  ABC  to  the  A  DEF, 
so  that  B  is  on  E,  and  BC  on  EF 
Then,  because  BC  =  EF, 
C  will  coincide  with  /'. 
Then  AB  and  AC  will  coincide  with  DE  and  IjF. 
For,  if  they  do  not,  but  fall  otherwise,  as  GE  and  GF, 
then  on  the  same  base  EF,  and  on  the  same  side  of  it, 
there  will  be  two  a^  JjEF  und  GEF,  having  equal 
pairs  of  conterminous  sides, 

which  is  impossible.  Prop.  7. 

.-.  BA  coincides  with  ED,  and  AC  with  DF. 
And  hence  /  BAC  coincides  with  and  .-.  =   /  EDF.       Ax.  8. 


Corollary,     If  two  triangles  have  the  three  sides  of  the  one 


respectively  equal  to  the  tliiH< 
are  equal  in  all  respect-. 


^ides  of  the  other,  the  triangles 
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Questions  ox  Proposition  8. 

1.  Apply  the  triangles  so  that  thej 

may  fall  on  opposite  sides  of 
the  common  base  EF.  Join 
DG. 

(a)  What  kind  of  a  triangle  is 

EDG?  FDG? 
(h)  Prove  that  the   l   EDF  = 

L  EGF. 
(r)  Prove  the   proposition   in    this   way    when   BG   does   not   pass 

between  E  and  F. 
(d)  Prove  the  proposition  when  DG  passe-:  through  the  point  F. 

2.  What  is  meant  by  the  '  parts  of  a  triangle '  ? 

3.  (a)  What  parts  were  given  equal  in  the  two  triangles  considered  in 

Prop.  4  ? 
(h)  What  parts  were  proved  equal  ? 

4.  (a )  What  parts  are  given  equal  in  Prop.  S  ? 
(b)  What  parts  are  proved  equal  ? 

(<■ )  Are  the  triangles  equal  in  all  respects  ? 

5.  Is  it  possible  to  make  two  triangles  whose  sides  are  respectively 

equal  to  three  given  straight  lines,  but  which  are  not  equal  in  all 
respects  ? 


EXERCISES. 


1.  The  opposite  sides  of  a  quadrilateral  A  BCD  are  equal. 
Prove  that : 

(a)  Tlie  opposite  angles  are  equal. 

(h)  The  angle  A  HI)  is  ecjual  t">  the  angle  CDB. 

(c.)  The  middle  point  of  BI)  is  equidistant  froni  A  and  C. 

2.  Show  that  two  circumferences  can  cut  each  other  in  only  one  point 

on  the  same  side  of  the  line  joining  their  centres. 

3.  Two  isosceles  triangles  are  on  the  same  base,  and  on  opposite  sides 

of  the  base.  Prove  that  the  line  joining  their  vertices  bisects  each 
of  1  he  vertical  angles. 

4.  ABC  is  an  isosceles  triangle,  of  which  AB  and  ^ C are  the  equal 

sides.  Points  1)  and  K  are  taken  in  A  B,  and  points  F  and  (•'  in 
A C,  such  that  AD  =  AF,  u.nd  AE  =  A O.  CD  and  RF intei-Mct 
in  H ;  CB  And  BG  intersect  in  K. 
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Prove  that : 

(a)  ,4 /f  bisects  z.  DAF. 
(h)   I.  BDH  =  L  CFH. 

(c)  EH  =    EG. 

(d)  A,  H  and  K  are  in  the  same  straight  line. 
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PROPOSITION  9.     Problem. 
To  bisect  a  given  rectilineal  angle. 


Let  ACS  be  the  given  rectilineal  angle. 
It  is  required  to  bisect  it. 
In  AC  take  any  point  D,    ■ 
and  from  CB  cut  off  CB  equal  to  CD.        Irop.  3. 
Join  DE,  and  on  DE,  on  the  side  remote  from  C, 

describe  the  equilateral  A  DEF^  Prop.  1. 

Join  CF. 
CF  shall  bisect  I  ACB. 
In  £^H  DCF  siiid  ECF, 

DC  =  EG,  Constr. 

CF  =  GF, 
and  DF  =  EF,     Def.  of  equilateral  A- 
.-.  Z  DCF  =   Z  ECF.  Prop.  8. 

That  is,  6'/^  bisects  Z  ACB. 
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Questions  on  Proposition  9. 

1.  If  the  equilateral  triangle  were  described  on  the  same  side  of  DE  as 

C,  what  different  cases  would  arise  ? 
Under  what  circumstances  would  the  construction  fail ': 
3.  Show  that  CF  bisects  DE. 

2.  Show  that  CF  also  bisects  the  angle  DFE. 


PROPOSITION  10.     Problem. 

To  bisect  a  yiven  straight  line. 

C 


Let  AB  bs  the  given  stra'pht  line. 
It  is  required  to  bisect  it. 
On  aB  describe  an  equilateral  A  Aht.        Prop.  1. 
Bisect  Z  ACB  by  CD,  which  meets  aB  at  3.     Prop.  9. 
AB  shall  be  bisected  at  D. 
1.1  the  As  ACD  and  BCD, 
AC  =  BC, 

CD  =   CD,      Def.  of  equilateral  A- 
and  Z  ACD  =   Z  BCD,  Comtr. 

.-.AD  =   BD.  Prop.  4. 

That  is,  AB  is  bisected  at  i> 

Questions  on  Proposition  10. 

1.  Is  it  necessary  that  the  triangle  described  on  AB  should  be  ecjui- 

lateral ? 

2.  Show  that  CD  is  at  right  angles  to  AB. 

'd.  Every  point  equidistant  from  A  and  B  lies  in  the  line  CD. 
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EXERCISES. 

1 .  Divide  a.  given  angle  into  four  equal  part  s. 

2.  Divide  a  given  straight  line  into  eight  equal  parts. 

.3.  On  a  given  base  describe  an  isosceles  triangle  such  that  the  sum  of 

its  equal  sides  may  be  equal  to  a  given  straight  Ul  e. 
4.  Produce  a  given  straight  line  so  that  the  whole  line  may  be  five  limes 

as  long  as  the  part  produced. 
o.  JJ,  B a.nd  /"are  the  middle  points  ot  the  sides  of  an  equiangular  tri- 
angle, show  that  the  triangle  DEF  is  equiangular. 

H.  Two  isosceles  triangles,  A.  BG  and  DBG,  itand  on  the  same  base  BO, 
but  on  opposite  sides  of  it.     E  is  the  rriUiaic  po  nt  of  A  B,  and  F 
the  middle  point  of  .4  C ;  and  BF  and  CE  intersect  at  G. 
(a)  Prove  that  DE  ^  DF. 
(h)  Prove  that  /-  EDB  =■  z.  FDC. 

(c)  Prove  that  GE  =  BF. 

(d)  Prove  that  L  DBF  =   L  DGE. 
(f)  Prove  that  .1  6r'/?6' is  isosceies. 
(/J  Prove  that  EG  =  GF. 

(>/)  Prove  that  i.  EGD  =  _  FGD. 

( h)  Prove  that  A,  O  and  D  are  in  bha  same  straight  line. 


Introductiox  to  Propositiox  11. 

1.  When   is   one   straight   line   said   to   be   perpendicular   to   another 

straight  line  ? 

2.  ABC  is  an  equilateral  triangle,  and  .17)  is  a  straight  line  bisecting 

the  vertical  angle  BA  G,  ^nd  meelinp  the  base  in  /) 

(a)  Show  that  AD  bisects  the  bast. 

(b)  Show  that  AD  is  perpendicular  to  the  base. 
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PROPOSITION  11.      Problem. 

To  draw  a  straight  line  perpendicular  to  a  yiceti  straiyht  line 
from  a  yiven  puint  in  the  same. 


Let    AB   l»e   the   given   straight   line,  and  ('  the  given  point 


lu  It. 


it  is  reijuirt'd  U)  draw  from  C'  a  perpendicular  to  AB. 
In  AC  take  any  p<jint  JJ. 
From  CB  cut  off  C'-A' equal  to  CD. 
On  DE  describe  the  equilateral  A  DKl 
i/oin  CF. 
('/'shall  be  perpendicular  to  AB. 
In  the  _\s  DC/' and  EC  F, 
DC  =  EC, 
CF  =  CF, 
•And  DF  ■=   EF,     Def.  of  equilateral /\ 
.  • .  /  DCF  =   I  EC  F.  Prop.  8. 

.•.  CI'  is  a  jH'riH'niKcular  to  AjI.      Def.  "j  jifrpendiciUar. 


Br.,,.  3. 
Prop.  I. 


Coustr 


Ol  K.STIONS    ox    PkOPOSITION     11. 

1.  Is  it  necessary  tliat  the  triangle  described  on  DE  should  be  equi- 

lateral ? 

2.  If  CD  were  greater  than  CB,  what  additional  step  in  the  construc- 

tion would  be  necessary  .' 

3.  Show  how  to  draw  a  perpendicular  from  the  extremity  of  the  line. 

4.  Prove  that  z.  FDC  =  i.  EEC. 

5.  Can  the  proposition  be  proved  without  the  use  of  Prop.  8  ? 
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EXEKCI.SES. 

1.  In  what  line  do  all  points  lie,   which  arp  fi<)iiHiRf.ant,  from   *  given 

point  ? 

2.  Find  the  line  in  which  a,)l  ^joints  lie  which  are  efjuidistant  from  two 

given  points. 

3.  Find,  if  possible,    a  point  which   is  equidistant  from   three   given 

points. 

4.  Give  a  construction  for  finding  the  centre  of  the  circle  which  passes 

through  the  three  angular  point  s  of  a  triangle. 

5.  Find  a  point  whose  distance  from  the  given  point  A  is  equal  to  a 

given  straight  line,   and  whose  distance  from  a  given  point  R  is 
equal  to  another  given  straight  line.     Is  this  always  possible ''. 


Introduction  to  Propositiux  12. 

1.  Show  that  the  straight  line  which  joins  the  vertex  of  an  isosceles 

triangle  to  the  middle  point  of  the  base,  is  perpendicular  to  the 
base. 

2.  Make  an  isosceles  triangle  whose  vertex  is 

the  point  C,  and  whose  base  is  a  part  of 
the  straight  line  AB,  which  is  not  limited 
in  length.  A.  B 


PROPOSITION  12.     Problem. 
To  draw  a  straiyht  line  2}et'pendiculaf  to  a  given  Htraight  line 
from  a  given  point  with  out  it. 

C 


Let  AB  be  the  given  straight  line,  and   C  the  given  point 
without  it. 

It  is  required  to  draw  from  C  a  perpendicular  to  AB. 
Take  any  point  J)  on  the  other  side  of  AH. 
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c 


^\'ith   centre  C  and  radius  CD  describe  the   Q    E Dl\   c-uttins 
AB,  or  AB  produced,  at  E  and  /'. 

Bisect  EF  at  G,  Prop.  10. 

and  join  CG. 

CG  shall  be  perpendicular  to  AB. 

Join  CE,  CF. 

In  the  A  s  CGE  and  CGF, 

EG  =  EG,  Constr. 

GC  =  GC\ 

and  CE  =  CT,  X»«/:  of  Q 

.-.  zCrr'^  =   /  t^7•'.  Pre/;,  s. 

.*.  CG  is  perpendicular  to  ^4^.       Dej.  of  perpendicular. 

Questions  on  Proposition  12. 
L  Prove  the  proposition  without  the  use  of  Prop.  8. 

2.  Prove  the  proposition  without  the  use  of  Prop.  8  or  Prop.   lo. 

3.  Is  there  any  objection  to  taking  the  point  D 
(a)  In  the  line  AB / 

(l<)  On  the  same  side  as  C? 

EXEKCISKS. 

1.  Describe  an  isosceles  triangle,  having  given  the  base  and  the  length 

of  the  perpendicular  drawn  from  the  vertex  to  the  base. 

2.  In  a  given  straight  line  find  a  point  that  is  equidistant  from  two 

given  points.     Is  this  always  possible  ? 
;i.   From  two  given  points,  on  opposite  sides  of  a  given  straight  line, 
draw  straight  lines  to  a  point  in  the  given  line,  making   equal 
angles  with  it.     Is  this  always  possible  ? 

4.  ABC  is  a  triangle,  and  D,  E  and  F  are  the  middle  points  of  the 

sides,  BC,  CA  and  AB  respectively.  From  D  a  straight  line  is 
drawn  perpendicular  to  BC,  and  from  E  another  straiaht  line  is 
drawn  perpendicular  to  CA,  meeting  the  former  line  in  O.  Show 
that  OF  is  perpendicular  to  AB. 
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PROPOSITION  13.     Theorem. 
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The  angles  ivhich  one  straight  line  makes  with  anotlier  on  one 
side  of  it  are  together  eqxval  to  tivo  right  angles. 


Let  AB  make  with  CD  on  one  side  of  it,  the  /s  ABC,  ABD. 
It    is    required    to    prove    /  ABC  and     _     ABD    together 
=  2  right   _   s. 

(1)  If  _   ABC  =    _  ABD, 
eacli  of  them  is  a  right  angle  ;  Def.  of  right   ^  . 

.-.    _   ,7/^6' and  _  ABD  together  =  2  right   _  s. 

(2)  If  _  ABC  be  not  =    _  ABD, 
fiom  B  draw  BE  perpendicular  to  CD.  Prop.  II. 

Tlien  _  s  EBC,  EBD  are  2  right  l  s.  Cmisir. 

But    _    ABC  and   _  ABD  together  =    l.   EBC 

and  _  EBD  together  ;  Ax.  8. 

.-.    .1   ABC  -AWiX   _  ABD  toaethev  =  2  rii/ht  _s         Ax.  1. 


Corollary  1.  If  two  straight  lines  intersect,  the  four  angles 
which  they  make  at  the  point  where  they  cut  are  togethei 
equal  to  four  right  angles. 

Corollary  2.  All  the  successive  angles  made  by  an}' 
number  of  straight  lines  meeting  at  one  -point  are  together 
equal  to  four  right  angles 

Corollary  3.  Two  straight  lines  cannot  have  a  common 
segment. 
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EXERCISES. 

1  The  angles  ABC  and  ABD,  which  are  made  by  the  straight  line  AB 
standing  on  the  straight  line  CJL>.,  are  bisected  by  the  straight  lines 
BE  and  BF.     Show  that  the  angle  EBF  is  a  right  angle. 

-.  If  the  two  exterior  angles  formed  by  producing  a  side  of  a  triangle 
both  ways  are  equal,  show  that  the  triangle  is  isosceles. 

3.  Show  that  the  angles  of  a  triangle  formed  by  a  diagonal  and  two  of 

the  sides  of  a  sqxiare,  together  equal  two  right  angles. 

4.  Construct  an  angle  equal  to  half  a  right  angle. 

5.  Make  an  isosceles  triangle  having  each  of  its  base  angles  etjual  to 

half  a   right  angle,  and  each  of  the  equal  sides  e<]ual  to  a  given 
straight  line, 
(j.  If  one  of  the  four  angles  which  two  intersecting  straight  lines  make 
with  each  other  be  a  right  angle,  all  the  others  are  right  angles. 


PKUP08ITI0N    W.     Theorem. 

Jj  at  a  point   in  a  straiyltt  line,   tiro   other  straiylil  lineis  oti 
opposite  sides  of  it  make  the  adjacent  aiu/les  iof/efher  equal 
to  t?co  riaht  aiajles,  tJiese  trro  straitjht  angles  shall  be  in  one 
and  the  same.  strav/Jit  line. 
A\ 


C  B 

At  the  point  B  in  AB,  let  BC  and  JW,  on  opposite  sides  of 
AH,  make  /  ABC  -And  I  ABD  t^»gether  =   2  right  /s. 
It  is  required  to  prove  BD  in  the  same  straight  line  with  BC. 
If  BlJ  })p  jiot  in  the  .same  straight  line  with  BC, 

produce  CB  to  E  ;  Post.    2 

liien  BJbJ  does  not  coincide  with  HIK 
Now,  since  CBE  is  a  straight  line, 
.-.  /  AHC  and    /   AUK  toirether  =  1  right  /.  .s.     /Voyi.  13. 
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But  I  ABC  and  /  AHl)  toget-her  =   2  righ^  /  s  :  Hyf. 

.-.    I    ABC  and   /    ABE   together   =   /    ABC  and    /    ABD 
together.  A.t.  1. 

Take  away  from  these  equals  /  ABC,  which  is  common  ; 

.-.   Z  ABE  =   Z  ABD,  Ax.  3. 

which  is  impossible. 
.•.  BE  must  coincide  with  BD  ; 
that  is,  BD  is  in  the  same  straight  line  with  BC. 

Questions  on  Proposition  14. 

1.  What  relation  does  Prop.  14  bear  to  Prop.  13  ? 

2.  Show  the  necessity  of  the  words  '  on  opposite  sides '  in  the  enun- 

ciation. 

When  two  straight  lines  intersect  each  other,  the  opposite 

angles  are  called  vertically  opposite  angles. 


PROPOSITION    15.     Theorem. 

If  tivo   straight  lines  cut  one   another,   the  vertically   opposite 
angles  shall  he  eqvxd. 


Let  AB  and  CD  cut  one  another  at  E. 
It  is  required  to  prove  that  Z  AEC  —   Z  BED, 
and  Z  BEC  =  Z  AED. 
Because  CE  stands  on  AB, 
\  Z  AEC  and  Z  BEC  together  -  2  right  Z  p-  Prop.  13. 
Because  BE  stands  on  CD, 
.:  I  BEC  and  Z  BED  together  =  2  right  Z  s.    Prop.  13. 
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.-.  L  AEV  and  Z  BEC  together  =   I  EEC  ami  /  BED 

together.  J.r.  1. 

Take  away  from  these  equals  /  BEL',  which  is  common. 

.-.  Z  AEC  =  Z  BED.  Ax.  %. 

iSimilarly,  Z  BEV  =  Z  AED. 

EXERCISES. 

1.  If  four  straight  lines  meet  at  a  point  so  that  the  opposite  angles  arc 

equal,   these  straight  lines  are  two  and  two  in  the  same  straight 
line. 

2.  What  relation  does  the  above  theorem  bear  to  Prop.  15? 

3.  Show  that  the  bisectors  of  either  pair  of  vertically  opposite  angles> 

in  Prop.  15,  are  in  the  same  .straight  line. 

4.  Show  that,  if  A  B  is  nerpendicular  to  the  straight  line  Cl>,  which  it 

meets  at  B,  t)ien  if  A  B  is  produced  to  E,  BE  is  also  ])erpendicular 
to  CD. 

5.  From  two  gi^en  points  on  the  same  side  of  a  given  straight  line, 

show  how  to  draw  two  straight  lines  which  shall  meet  at  a  point 
in  tlie  given  straight  line  and  make  e(jual  angle!<  with  it. 

ti.  In  the  ligure  of  Prop.  15,  made  EB  equal  to  El>,  and  /vC  equal  to 
KA ,  and  join  ^4  D,  J)B  and  BC.  Then  prove  the  angle  A  ED  e<|ual 
to  llie  angle  CEB,  without  assuming  any  proposition  after  Prop.  5. 

7.  The  ^ide  A  C  of  the  triangle  A  BC  is  bisected  at  E,  and  BE  ia  drawn 
and  produced  to  /',  making  EF  enunl  to  EB. 
Show  that  : 

(a)  FC  =  AB. 

(b)  i.  FCE  =  L  BA  hJ. 
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PBOPOSITION   16.      Theorbm. 

Ij  one.  aide  of  a  triawfle  he  produced,  the  exterior  arufle  shcdl  he 
ijreater  than  either  of  the  interior  opposite  angles. 


Lift,  ABC  be  a  triangle,  and  let  BC  be  produced  to  D. 

Tt  is  required  to  prove   _   AiJD  greater  than   l   BAC, 

and  also  greater  than  L  ABC. 

Bisect  ^(7  at  ^.  ]'n>ij.  h). 

Join  BE,  anil  produce  it  to  F,  making  EF  =  FB.   Pr<tj>:  o. 
Join  CF. 
In  As  AEB  and  CEF, 

AE  ==  CE,  Const,: 

EB  =  EF,  ConMr. 

and   _   AEB  =    ^    CEF,  Prop.  15. 

.-.    L   EAB  =    _    ECF.  Prop.  4. 

But  L.   ACD  is  greater  than   _   ECF ;  Ax.  9. 

.•.  L.  ACD  is  greater  than  _   EAB. 
Also,  if  AC  be  produced  to  G, 
L.  BCC  is  greater  than   .l  ABC. 

But  -L  ^Ci)  =    /.  BCG ;  Prop,  iu 

.-.  Z.   ACD  is  greater  than  /_  ABC. 
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PROPOSITION  17.     Theorem. 
Any  tivo  angles  of  a  triangle  are  togetJier  less  than  two  right 

cntylfs. 


B  CD 

Let  ABC  be  a  triangle. 

It  is  required  to  prove  the  sum  of  any  two  of  its  angles 

less  than  two  riijht  angles. 

Produce  BC  to  D. 

Then  Z  ABC  's  less  than  I  ACD.         I'roj).  16. 

.  .  /  ABC  and  /  ACB  are  together  less  than  /  ACD  and 

/  ACB  together. 

But  Z  ^C'Z)  and  Z  ACB  to'^ether  =  two  right  Zs.     Pr(^p,  13. 
.-.  Z  ABC  and  Z  ACB  are  together  less  than  two  right  Zs. 
Now  Z  ABC  and  Z  ACB  are  any  two  angles  of  the  triangle; 
.•.  any   two  angles  of  a  triangle  are  together  less   than   two 
right  angles. 

QuKsTioxs  ON  Propositiox  17. 

L   Show  tbat  the  proposition  can  be  proved  by  joining  the  vertex  to  a 
point  in  the  opposite  side. 

2.  State  Axiom  12. 

3.  Enunciate  Prop.  17  and   Axiom  12,  so  as  to  show  that  they  are  con- 

verse theorems. 


KXEKCISES. 

I.   .4  is  a  given  point  and  IW  a  given  straight  line. 

(a)  Find  a  point  in  liC,  whose  distance  from  A  is  equal  to  the  length 

of  another  straiglit  line  DE. 

(b)  Show  that  two,  and  not  more  than  two,  sucii  straight  lines  can  t>« 

drawn. 
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(c)  Shew  tha:,  only  one  perpendicular  can  be  drawn  from  A  to  BC. 

3.  P  is  any  point  within  the  triangle  ABO,  and  PA  and  PB  are  joined. 

Show  that  the  angle  A  PB  is  greater  than  the  angle  A  GB. 

4.  Show  that  two  angles  of  every  triangle  must  be  acute  angles. 

5.  Show  that  two  exterior  angles  of  every  triangle  must  be  obtuse  angles. 

Of  what  triangle  will  the  three  exterior  angles  be  obtuse  ? 

6.  In  the  figure  of  Prop.   16,  show  that  the  area  of  the  triangle  ABC  is 

equal  to  the  area  of  the  triangle  FBC. 


PROPOSITION  18.     Theorem. 

Trie  (greater  s'fO:  of  a  triangle  lias  the  greater  angle  opposite  to  it. 
A- 


Let  ABC  be  a  triangle,   having  AC  greater  than  AB.      It  is 
required  to  prove  /  ABC  greater  than   /  A  CB. 

From  AC  cub  o^  AD  equal  to  A B,  Prop.  ,3. 

and  join  BD. 
Because  /  ADB  is  an  exterior  angle  of  l\  BCD, 

.-.  /  ADB  is  greater  than  /  ACB.  Prop.  16. 

But  Z  ADB  =  Z  ABD,  since  AB  =  AD  ;      Proj).  5. 
.-.  Z  ABD  is  greater  than  Z  ACB. 
Much  more,  then,  is  Z  ABC  greater  than  z  AC li. 

Questions  o.v  Proposition  18. 

1.  State  the  hypothesis  and  the  conclusion  of  Prop.  18. 

2.  Is  Prop.  18  equivalent  to  the  theorem,  "  the  greatest  side  of  a  triangle 

has  the  greatest  angle  opjwsite  to  it "'  ? 


EXERCISES. 

Prove  Prop.  18  by  producing  the  shorter  side. 

A  BCD  is  a  quadrilateral  of  which  AD  is  the  longest  side,  aud  BC 
the  shortest  ;  show  that  the  angle  ABO  is  greater  than  the  angle 
A  DC,  and  the  angle  BOD  greater  than  the  angle  BA  D, 
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PR(JP0SITI0N  19.     Thkorem. 

The  greater  angle  of  a   truitiyle  has   the  ff renter  xlde  apposite 

to  it. 

A/ 


C 

Let  ABC  1)6  a  ti'iangle  having  /  ABC  greater  than  /  ACB. 
It  is  required  to  prove  AG  greater  than  AB. 
If  AC  be  not  greater  than  AB, 
tlien  AC  must  be  equal  to  AB,  or  less  thai    AB. 
liAC  =  AB, 
then  Z  ABC  =  /  ACB.  Prop.  5. 

But  it  is  not.  J^yi>- 

.-.  AC  is  not  equal  to  AB. 
If  ^C  be  less  than  .-1^, 
then  Z  ABC  is  less  than  /  ACJi.  Prop.  18. 

But  it  is  }iot.  »    Jfifp. 

.• .  JC  is  not  less  than  AB. 
Hence  AC  must  be  greater  than  AB. 

Questions  on  Proposition   19. 

1.  Enunciate  the  converse  of  Prop.  19. 

2.  Is  Prop.  19  eijuivalent  to  the  theorem   "  the  greatest  angle  of  a  tri- 

angle has  the  greatest  side  opposite  to  it  ? "' 


KXEKCISKS. 

1.  In  an  obtuse-angled  triangle  the  greatest  side  is  opposite  tlie  obtuse 

angle  ;  and  in  ii  right-angled  triangle  the  greattst  side  is  opposite 
the  riglit  angle. 

2.  8how  that  three  tqual  straight  lines  cannot  bt;  dranu  from  a  giv«u 

point  to  a  given  straight  line. 
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The  perpendjculwr  \n  the  shortest  line  that  can  be  drawn  froni  a 
given  point  to  a  given  stpo,ight  line:  and  of  the  others  that  which 
is  nearer  the  perpendicular  is  less  than  the  one  more  remote. 

Any  straight  line  drawn  from  the  vertex  of  an  isosceles  triangle  to 
a  point  in  the  ba.se  is  less  than  either  of  the  equal  sides. 

Enunciate  and  prove  a  theorem  similar  to  Ex.  4,  when  the  point  is 
taken  in  the  base  produced. 

The  vertical  angle  ABC  of  the  triangle  ABC  is  bisected  by  the 
straight  line  BD,  which  meets  the  base  in  D.  Show  that  AB  ia 
greater  than  A  D,  and  CB  is  greater  than  CD. 


PROPOSITION  20.      Theorem. 
Ani/  two  sides  of  a  triangle  are  together  greater  tlian  the  third 
side. 


C 

Let  ABC  be  a  triangle. 
It  is  required  to  prove  that  any  two  of  its  sides  are  together 
greater  than  the  third  side. 

Produce  BA  to  D,  making  AD  equal  to  AC.      Prop.  o. 

Join  CD. 
Tlien  Z  ACB  =  Z  ADC,  since  AD  =  AC.    Prop.  5. 
But  Z  BCD  is  greater  than  I  ACD  y 

.-.  Z  BCD  is  greater  than  Z  ADC. 
.  •.  BD  is  greater  than  BC.  Prop.  1  9 

But  BD  =  BA  and  AC  together  ; 
•.  BA  and  A  C  are  togetner  greater  than  BC. 
Now  BA  and  A  C  are  any  two  sides  ; 
.  •.  any  two  sides  of  a  triangle   are   together  greater  tlian    the 
third  side. 
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EXERCISES, 


!.   Prove  Prop.  20,  by  bisecting  the  vertical  angle  by  a  straight  line 
which  meets  the  base. 

2.  Prove  Prop.  20,  by  drawing  a  perpendicular  from  the  vertex  to  the 

base. 

3.  (a)  In  the  figure  of  Prop.  16,  prove  that  CF  is  equal  to  AB. 

(h)  Hence  prove  thatthesumof  any  two  sides  of  a  triangle  is  greater 
than  twice  the  straight  line  drawn  from  the  middle  point  of 
the  third  side  to  the  opposite  vertex. 

4.  (a)  Prove  that  the  sum  of  the  sides  of  any  quadrilateral  is  greater 

than  twice  either  diagonal. 
(b)  Hence  prove  that  the  sum  of  the  sides  is  greater  than  the  sum  of 
the  diagonals. 

5.  Take  any  point  0,   and  join  to  the  angular  points  of  the  triangle 

ABC. 
(a)  Prove  that  the  sum  of  OA  and  OB  is  greater  than  AB. 
(h)  Prove  that  twice  the  sum  of  OA,  OB  and  00  is  greater  than  the 
sum  of  the  sides. 
H.   If  a  point  be  taken  within  a  quadrilateral,  and  joined  to  each  of  the 
angular  points,  show  that  ohe  sum  of  these  joining  lines  is  the  least 
possible,  when  the  poirxt  taken  is  the  point  of  intersection  of  the 
diagonals. 

7.  Four  points  lie  in  a  plane,  no  one  of  them  being  within  the  triangle 

formed  by  joining  the  other  three.     Find  the  point,  the  sum  of 
whose  distances  from  these  four  points  is  the  least  possible. 

8.  A  pcint  P  is  taken  within  the  triangle  ^-liJC     Show  that  the  sum  of 

the  sides  .47?  and  ^C  is  greater  than  the  sum  of  PB  and  PC. 

9.  In  any  triangle,  the  cluieii-nce  betvyeen  aLiy  two  sides  is  less  than  the 

third  side. 
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PROPOSITION  21      Theorem. 
If,  from  the  ends  of  a  side  of  a  triangle,  there  he  drawn  two 
st0'aiyht  lines  to  a  j)oint  within  the  triangle,  these  will  be 
together  less  than  the   other  sides  of  the  triangle,  but  zvill 
contain  a  greater  angle. 

A. 


C 

Let  ABC  be  a  /\,  and  from  B  and  C  let  BD  and  CD  be 
drawn  to  any  point  D  within  the  /\. 

It  is  required  to  prove  that  BD  and  DC  are  together  less 
tlian  BA  and  AC,  but  that  I  BDC  is  greater  than  Z  BAC. 
Produce  BD  to  meet  A  C  in  E. 
Then  BA  and  AE  are  together  greater  than  BE.     Proj).  20. 

Add  to  each  EC. 
Then  BA  and  AC  are  together  greater  than  BE  and  EC. 
Again,  DE  and  EC  are  together  greater  than  DC.      Prop.  20. 

Add  to  each  BD. 
Then  BE  and  EC  are  together  greeter  than  BD  and  DC. 
And  it  has  been  shown  that  BA  and  AC  are  together  greater 
than  BE  and  EC ; 
.•.  BA  and  AC  are  together  greater  than  BD  and  DC. 
Kext,  because  /  BDC  is  greater  than  /  DEC,        Prop.  16. 
and  Z  DEC  is  greater  than  /  BAC,  Prop.  16. 

•.   /  BDC  is  greater  than  /   BAG. 

EXERCISES. 
\.  In  the  figure  ^i  Prop.  21,  join  DA,  and  show  that  the  sum  of  DA, 

DB  and  DC  is  less  than  the  sum  of  the  sides  of  the  triangle  ABC, 

but  greater  than  half  the  sum. 
2.  *In  the  figure  of  Prop.  21,  show  that  the  angle  BDC  is  greater  than 

the  angle  BAC,  by  joining  AD  and  producing  it  towards  the  base. 
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PROPOSITION  22.     Problem. 
To  vifikc  a  friangle  ihc  sides  ofwiurh  shall  he  cfjuol  to  three  gii^n 
strai(/}it  l-in^s,  any  two  of  vliuh,  are  ffrfofpr  than  the  third. 

A 

B 

C 


Let  A,  B,  C  be  the  three  given  straight  lines,  any  two  uf 
which  are  greater  than  the  third. 

It  is  required  to  make  a  triangle  tlie  sides  of  which  sliall  l>t- 
respectively  equal  to  ^,  ^  and  C. 

Take  a  straight  line  DE  terminated  at   I),   but  unlimited 
tmvards  E. 

From  it  cut  ofFD/'  =  A,  FG  =  B,  GH  =  C,         Prop.  W. 
With  centre  F  and  radius  FD,  describe  the  0  DKL. 
With  centre  G  and  radius  GH,  describe  the  0  HKL, 
cutting  the  other  circle  at  A'. 

Join  7v'>',  K(r. 
KFG  is  the  triangle  required. 

Because  FK  =  FD,  D-f.  of  0. 

.-.    FK  =^  A. 
Because  GK  =  GH,  IH'.  of  0. 

.-.    GK  =  C. 
And  F(t  was  made  equal  to  H. 
.'.   A  KFG  has  its  sides  respectively  equal  to  A,  l'>  and  C. 
Questions  on  Prop.  22. 

1.  Why  does  the  enunciation  state  that  any  two  of  the  given  lines  are 

together  greater  than  the  third  ? 

2.  Will  the  circumferences  of  two  circles  intersect,  if  the  sum  of  their 

radii  is  greater  than  the  distance  between  their  centres? 
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PROPOSITION  23.     Problem. 
At  a  given  point  in  a  given  straight  line,  to  'make  an  angle 
equal  to  a  given  angle. 
C 


Let  AB  be  the  given  straight  hue,   .1  the  given  point  in  it, 
and  Z  DCE  the  given  angle 

It  is  required  to  piake  at  A  an  angle  equal  to  /  DCE. 
In  CL    CE  take  any  points  i>,  E. 
Join  DE. 
Make  A  ^FG;  such  that  AF  =   CD,  FG  =  DE,  and 
GA   =  EC.  Prop.  22. 

BAG  is  the  required  angle. 
In  the  As  -^EG  and  CDE, 
AF  =  CD, 
AG  =  CE, 
and  FG  =  DE, 

.:  I  FAG  =  I  D(E.  Prop.  8. 


FXERCTSKS. 
1.   Prove  Prop.   23,   giving  all   the  construction,   instead  of   Hssuming 

Prop.  22. 
5.   Construct  a  triangle,  having  given  two  sides  and  the  angle  >iet\veeH 

them. 
3-  Construct  a  triangle,   having  given   tlie  base,  and  liaviug  the  angles 
adjacent  to  the  base  equal  to  two  given  bugles. 
I§  tbie  always  possible  ? 
i> 
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PROPOSITION  24.     Theorem. 
//  two  triangles  luwe  two  sides  of  the  one  equfd  to  tux)  sides  of 
the  other,  each  to  each,  hut  the  contained  angles  uiieqwil, 
the  baxe  o/   the   ti  tangle    /rhich  has  the  greater  contained 
angle  shall  he  tjreat^r  tlian  the  has''  of  the  other. 
A  P 


Let  ABC,  1)V<F  be  two  tiiiuigles,  lia\  ing  AH  —  L>E, 
AC  =  BF:  but  Z  BAG  greater  than  ._   EOF. 
It  is  required  to  prove  BG  greater  than  EF. 

At  D  make  Z  EDG  equal  to  £  BA  C. 
Cut  off  DG  equal  to  AC  or  DF. 
Join  EG. 
Bisect  Z  FDG  by  Dll,  meeting  EG  at  H ; 
and  if  F  does  not  lie  on  EG,  join  FH. 
In  the  A.s  .'lZ>'Can(l  DEG, 
BA  -  ED, 
AG  =  DG, 
a. .a  /  MAC  =  Z  EDG, 

.-.  BG  -  EC. 
Again    in  the  -As  FDH  and  ^V/>//, 

/'zv  =  Gr>, 

DH  =  i)7/, 
and  Z  /7>//  -  Z  GDH, 


Froi>.  23. 
Prop.  .">. 


'■'V 


Gon^fr. 
Constr. 
Pru,,.  4. 

CvnMr. 


(.'onsti'. 
Prop.  4. 


Hence  7i//  and  /'V/  together  =  2,7/  and  G7/  together  ^  E(t. 


But  AV/  ami  /'7A  are  together  greater  thati  KF  : 
.'.  EG  is  greater  than  EF ; 
.-.  BC  in  greater  Ihan  EF. 


r, 


'/' 
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PROPOSITION  25.       Theorem. 

If  tivo  triaiigles  have  ftvo  sides  of  the  one  respectively  eqiud  fo 
tivo  sides  of  the  other,  hut  their  bases  unequal,  the  angle 
coutained  by  the  two  sides  of  the  triangle  tvhich  has  the 
greater  base  shall  be  greater  than  the  angle  contained  by 
tJtc  tiro  sides  of  the  other. 


Let  ABC,  DEF  be  two  triangles,  of  Avhich  jtB  =  DE, 
AC  =  DF,  but  base  BC  is  greater  than  base  EF.  i 
It  is  required  to  prove  /  ^4  C  greater  than  /  EDF.j 
If  Z  BAC  be  not  greater  than  Z  EDF,  it  inust  be  fitner 
equal  to  it  or  less  than  it. 

But  Z  BAC  is  nor.  =   Z  EDF, 
for  then  Ijase  BC  would  be  equal  to  l>ase  FF.    Prop.  4 
But  it  is  not.  Hyjy. 

And  Z  BAC  \fi  not  less  than  Z  EOF, 
for  then  base  BC  would  be  less  than  base  EF.     Prop.  24. 
But  it  is  not.  Hyp 

.-.  Z  BAC  must  be  greater  than  Z  EDF. 


EXERCISES. 

\.  Show  that  Prop.  24  and  Prop.  25  are  coaveiso  propositions. 

2.   Assuming  the  truth  of  Prop.  25,  deduce  the  truth  of  Prop.  24. 

."!.  I)  is  the  middle  point  of  the  side  BC  of  the  triangle  ABC.     Prove 

that  the  angle  A  DB  is  greater  or  less  than  the  angle  A  DO,  a<«;ord- 

iug  as  ^  fi  is  greater  or  less  than  A  G. 
4.  State  and  pfove  the  converse  of  the  preoecling  theorerui 
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PROPOSITION  26.     Theorem. 

If  two  trianyles  have  tico  angles  of  the  one  eqiuil  to  tico  aiiyles 
of  tlie  otltfr,  each  to  each,  and  one  side  equud  to  o??^  side, 
namely  either  tlie  sides  adjacent  to  the  fqiud  angles,  or  the 
sides  opposite  to  equal  angles  in  each  ;  tlien  shall  the  other 
sides  he  equal,  each  to  each,  and  also  the  third  angle  of  the 
one  equal  to  the  third  angle  of  the  other. 


In  As  ABC  aud  IjEF, 
let  L  ABC  =    ^  DEF,  &nd  .  ACB  =    l.  DFE. 
First,  let  the  sides  adjacent  to  the  equal    ^  s  in  each  V>e  equal, 
chat  is,  let  £G  =  EF. 

It  is  required  to  prove  that  .-lii  =    I)E,  AC  =  J^F, 
and    _    BAC  =    _   EDF. 

For  if  A  B  be  not  equal  to  DE,  let  A  B  1  >e  the  greau-r,  and  make 
QB=DE,  and  join  GC. 

Then  in  As  GBC  and  DEF, 
GB  =  DE, 
BC  =  EF, 
and  _   GBC  =    -  DEF, 

.:    ^  GCB  =    C   DFF.  Prop.  4. 

But  ._   ACB  =    ^  DFE,  Hyp. 

.:  _  GCB  =    ^  JCB; 
which  is  impossible. 
.  .  AB  is  not  greater  than  DE. 
JSimilarl)'  it  mav  l)e  shown  that  AB  i»  n<»t  les.s  than  DK. 
.-.  AH  =^  DE. 
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Then  in  As  .iBC  and  DEF, 
V^muse  AB  =  DE,  BC=  EF,  und  ^  ABC  =  l  DEF, 

.:  AC^DF,  and  _  BAC  =  L  EDF.      Prop.  4. 
Next.,  let  the  sides  which  are  opposite  to  equal  angles  in  each 
triangle  be  equal,  that  is,  let  AB=  DE. 

It  is  required  to  prove  that  AC  =  L>F,  BC  =  EF, 
and  /  BAG  =   I  EDF. 


W     Q        E  p 

For  if  BC  be  not  equal  to  EF,  let  BC  be  the  greater,  and  make 
BR  =  EF,  and  join  A  II 

Then  in  As  ABH  and  DEF, 
AB^DE,  and  BH  =  EF,  and  I  ABH  =   I  DEF, 

.-.  z.  AEB~  £  DFE.  Prop.  4. 

But  _  ACB^  ^  DFE,  Hyp. 

.  .   _  AHB=  1.  ACB; 

that  is,  the  exterior   _  of  /\  AHC  is  equal  to  the  interior  and 

opposite   _   ACB,  which  is  impossible.  Prop.  IG. 

.-.  BC  is  not  greater  than  EF. 

Similarly  it  may  be  shown  that  BC  is  not  less  than  EF. 

.:  BC  =  EF. 

Then  in  As  ABC  and  DEF, 

because  AB  =  DE,  nC  =  EF,iind  _   A  BC  =  _   DEF, 

.:  AC=DF,a.nd  Z  BAC=  /  EDF.  Prop.  4. 
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EXERCISES. 


1.  The  augle  6^  C  is  bisected  by  the  line  ^4  Z*,  From /)  the  lines  i>/> 
and  DG  are  drawn  marking  the  angles  A DK  and  A  />' '  equal.  Prove 
that  DB,  DC  are  equal. 

'i.  The  bisector  ^Z*  of  the  angle  if ^f  of  the  triangle  J  i?(7  meets  if C 
in  D.  Prove  that  if  the  angles  AJJB,  ADC  are  equal,  the  triangle 
is  isosceles. 

,>.  The  equal  angles  of  an  isosceles  triang'e  A  BC  are  bisected  by  the 
lines  BD,  CE,  which  meet  the  opposite  sides  in  I)  and  E  respec- 
tively ;  prove  that  BD  and  CE  are  equal. 

4.  Any  point  in  the  bisector  of  an  angle  is  equidistant  from  the  arms 
of  the  augle. 

5.  Find  the    point  in  t)ie  base  of  a  triangle  which  is  equidistant  from 

the  sides. 
H.  Prove  Prop.  26   by  superposition. 
7.  If  two  sides  of  a  triangle  be  produced,  prove  that  the  two  bisectors 

of  the  angles  so  formed  meet  at  a  point  equidistant  from  the  three 

sides  of  the  triaiiirl^'. 


EXERCISES  ON  PROPOSITIONS  1-26. 

1.  The  vertical  angle  BAC  oi  an  isosceles  triangle  ABC  is  bisected 
hy  AlK  If  any  points"  be  taken  in  A  I),  prove  tiiat  EB  equals 
EC. 

2.  ABC  is  a  triangle  such  that  AB  equals  AC.  A  line  CD  is 
drawn  to  cut  AB  in  D;  the  point  E  is  taken  in  .4(7  such  that  AE 
equals  AD.     Prove  that  the  angle  ^4  EB  is  equal  to  the  angle  ADC. 

?>.  If  the  opposite  sides  of  a  quadrilateral  are  equal,  the  opposite  an- 
gles are  equal. 

4.  .47?  is  a  given  straight  line  and  C  is  a  given  point  ;  draw  through 
A  and  C  a  straight  line  -4  /.'  w  hose  length  is  four  times  AB. 

5.  Describe  an  equilateral  triangle  having  a  given  point  A  for  the 
middle  point  of  one  side,  and  having  each  of  the  sides  equal  in 
length  to  a  given  straight  line  B( '. 

().  In  a  given  circle  BCD  place  a  straight  line  ifC equal  to  the  str&ight 
line  AE,  and  having  its  extremities  B  and  C  in  the  circumference. 
Is  this  always  possible  ? 
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/.  Upon  the  base  BC  <lescribe  a  triangle  such  tliat  the  perpendicular 
from  the  vertex  on  the  base  equals  a  given  straight  line  EF,  and 
cuts  the  base  in  1). 

8.  Describe  a  quadrilateral  having  given  the  length  of  each  side,  and 
of  one  diagonal. 

9.  Construct  a  quadrilateral  having  each  of  its  sides  equal  to  a  given 
straight  line,  and  having  one  of  its  angles  equal  to  a  given  angle. 

10.  If  the  diagonals  of  a  quadrilateral  bisect  each  other,  the  opposie 
sides  and  angles  are  equal. 

1 1.  A^y  three  sides  of  a  quadrilateral  are  together  greater  than  the 
fourth  side. 

12.  If  a  quadrilateral  has  four  equal  sides  and  e'lual  diagonals,  it  is  a 
squat  e. 

13.  If  two  right  angled  triangles  ha'.-e  rr|nal  hypotenusea,  and  a  side  f)f 
one  e(|ual  to  a  side  of  the  other,  they  are  equal  in  every  respect. 

14.  AB,  AC  are  the  C(|ual  sides  of  an  isosceles  triangle  ;  BD  and  CD 
are  drawn  perpendicular  respectively  to  AB  and  ^J  C  to  meet  in 
J).  Prove  that  BD  equals  CD,  and  that  AD  bisects  the  angle 
BA  r. 

15.  ABC  is  a  triangle,  BC  is  the  base,  and  ^C  is  greater  than  ^4 i?. 
A  is  joined  toZ),  the  middle  point,  of  BC.  Prove  that  the  angle 
A  DC  is  obtuse. 

16.  If  E  is  any  point  iu  AD,  of  Ex.  1.5,  and  i?  be  joined  to  B  and  C, 
prove  that  EB  is  less  than  EC. 

17.  P  is  any  point  in  the  plane  of  the  angle  BAC  ;  show  how  to  draw 
through  F  a  straight  line,  which  will  make  an  isosceles  triangle 
with  the  arms  of  the  angle  BAC. 

18.  The  base  of  a  triangle  is  produced  both  ways,  and  the  exterior  an- 
gles are  bisected.  Prove  that  the  point  of  intersection  of  these  lines 
is  equidistant  from  the  sides  of  the  triangle  ;  also,  that  the  line 
joining  this  point  of  intersection  to  the  opposite  angle  of  the  tri- 
angle bisects  the  angle. 

19.  If  one  side  of  a  triangle  be  less  than  another,  the  angle  opposite  the 
less  side  must  be  acute. 

20.  Prove  that  the  sum  of  the  perpendiculars,  drawn  from  the  vertices 
of  a  triangle  to  the  opposite  sides,  is  less  than  the  perimeter  of  the 
triangle. 

21.  Prove  that  the  sum  of  the  three  lines  joining  the  middle  points  of 
the  three  sides  of  a  triangle  to  the  opposite  vertiaw  is  less  than  the 
perimeter  of  the  triangle. 
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22.  In  any  triangle  ABC,  D  is  any  point  ia  the  base  BO.  Prove  that 
AD  in  less  than  the  greater  of  the  two  sides,  AB  ami  AC. 

23.  Two  sides,  AB  and  AC^  of  tJie  triangle  ABC,  are  proriuced  to  D 
and  E  respectively,  and  tlie  angle  DB('  ia  equal  t..  the  angle  LCB. 
Show  that .45  ia  equal  to  AC. 

24L  E  is  the  point  of  intersection  of  the  diagonals  of  the  square  ABCD, 
F is  the  middle  point  of  AB,  and  O  the  middle  point  oi BC.  EF 
is  produced,  making  FH  equal  to  EF ;  and  EG  is  produced,  mak- 
OK  equal  to  EG.  Show  that  H,  B  and  K  lie  in  the  same  straight 
line. 

25.  Construct  a  right-angled  triangle,  having  given  the  hypotenuse  and 
the  sum  of  the  sides. 

26.  Construct  a  triangle,  having  given  each  of  the  angles  at  the  base 
and  the  perimeter  of  the  triangle. 

•J7.  Construct  a  triangle,  having  given  two  sides  and  an  angle  opposite 

to  one  of  them. 

How  many  solutions  are  generally  possible  ? 
•.i.S.  Construct  a  triangle,  having  given   the   base,  one  of  the  angles  at 

the  base,  and  the  sum  of  the  sides. 

29.  Construct  a  triangle,  having  given  the  ba.se,  one  of  the  angles  at  the 
base,  and  the  difTerence  of  the  sides. 

30.  If  one  angle  of  a  triangle  is  equal  to  the  sum  of  the  other  two,  the 
triangle  can  be  divided  into  two  isosceles  triangles. 

.31.  Given  three  sides  of  a  quadrilateral,  ana  tne  angles  adiacent  to  one 
of  them;  construct  the  quaurnaierai. 

32.  The  vertex  A  of  the  triangle  ABC  is  joined  to  D,  the  middle  point 
of  the  base.  AD  is  produced  to  E,  making  DE  equal  to  AD,  and 
B  and  E  joined.  Prove  that  the  angle  EBD  is  equal  to  the  angle 
BCA. 

33.  Z)  is  the  middle  point  of  the  hypotenuse  AB  of  the  right-angled 
triangle  ABC.  CD  is  drawn  and  produced  to  E,  making  DE 
equal  to  CD.     Show  that  the  angle  AEB  is  a  right  angle. 

34  Construct  a  rhombus  having  its  diagonals  equal  to  two  given  straight 

lines. 
35.  ABCD,  EFGH  are  two  squares.     If  they  be  placed  so  that  F  falls 

on  C,  and  FE  along  CD,  show  that  FG  will  either  fall  along  CB, 

or  in  the  same  straight  line  with  it. 
,S6.  The  three  exterior  angles  of  a  triangle,  made  by  producing  the  sides 

in  succession,  are  together  greater  than  three  right  angles. 
37.  Through  a  given  point  draw  a  straight  line,  such   tliat  the  per- 
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nendiculars  drawn  from  two  given  points  to  it  may  be  equal,  and 
on  opposite  sides  of  it. 

38.  Ill  a  given  straight  line  find  a  point  the  difference  of  whose  dis- 
tances fiom  two  given  points  on  the  same  side  of  the  line  may  be 
the  greatest  possible. 

Examine  the  case  where  the  given  points  are  situated  on  opposite 
sides  of  the  given  line, 

39.  Three  equal  straight  lines,  OA,  OB  and  OC  are  equally  inclined  to 
each  other  ;  if  their  extremities.  A,  B  and  C  be  joined,  prove  that 
ABC  is  an  equilateral  triangle. 

40.  If  the  angles,  AOB,  BOG  and  CO  A,  in  Ex.  39,  be  bisected  by  the 
lines  OD,  OEixjxd  Oi'' respectively,  which  meet  AB,  BC  and  CA^ 
ia.  D,  E  and  F ;  prove  that  OD,  OE  and  OF  are  equal  and  equally 
inclined  to  one  another. 

41.  If  through  the  extremities  of  the  lines  in  Ex.  39,  perpendiculars  be 
drawn,  prove  that  the  triang'e  formed  by  these  perpendiculars  is 
equilateral,  and  that  A,  B  and  C  bi&ect  the  sides. 

42.  On  the  sides  of  a  square,  and  remote  from  it,  equilateral  triangles 
are  described,  and  their  vertices  joined  in  order.  Prove  that  the 
quadrilateral  so  formed  is  equilateral,  and  that  its  diagonals  and 
those  of  the  square  intersect  in  the  same  point. 

43.  Will  Ex.  42  be  true,  if,  instead  of  describing  equilateral  triangles, 
we  describe  equal  isosceles  triangles  ''. 

Note. — In  the  following  deduction?,  assume  as  the  definition  of  a 

rectangle,  that  it  is  "a  quadrilateral,  with  its  opposite  sides  equal, 

and  all  its  angles  right  angles. " 
,44.  In  a  rectangle,  prove  : 

(a)  That  the  diagonals  are  equal. 

(6)  That  the  angles  made  by  a  diagonal  and  a  pair  of  opposite  sides 
are  equal,  and  that  either  diagonal  bisects  the  rectangle. 

{c)  That  the  diagonals  bisect  eacn  otner. 

yd)  That  the  diagonals  and  the  sides  make  four  isosceles  triangle «. 
45.  Let  ABCD  be  a  rectangle,  .fi^and  i^'the  middle  points  of  AB  and 

CD  respectively.     Join  ED,  EC  ajxd  EF,  and  prove  : 

(a)  That  ED  equals  EC. 

(b)  That  EF  is  perpendicular  to  CD. 

Infer  also  that  EF  is  perpendicular  to  AB. 

(c)  That  AEFD  and  EBCF  are  equal  recUnglea. 
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46.  A  liCD  JH  a  rectangle,  E  the  middle  point  of  AJJ,  ud  fJ  any  point 
in  A  I).  Join  GE  and  produce  it  to  meet  CB  produced  in  //. 
Prove  OE  e(jual  to  EH  and  A  <J  equal  to  JlH. 

47.  If  F  is  the  middle  point  of  CD  in  Ex.  4H  :  join  EF,  and  prove  that 
•2  EF  =  HC  +  Gl). 

48.  In  47,  let  K  be  any  point  in  GJJ,  and  /''  the  middle  point  of  CD. 
Join  A'/*  and  produce  it  to  meet  J{( ',  produced  in  L.  Prove  that 
2  EF  =  HL  +  GK. 

40.  Prove  in  Ex.  48  that  the  area   of  the  trapezium  (^  HUK  equals  the 

area  of  the  rectangle  A  EC  I). 

Hence  show  that    the  measure  of  the  area  of  this  trapezium  is 

equal  to  one  half  the  product  of  the  measure.s  of  its  jjerpendicular 

height  and  the  sum  of  its  parallel  sides. 
50.   Show  how  to  cut  a  rhomlnis  so   as  to  form  out  of  the  parts  a  rect- 
angle. 
.'')I.   AHfH)  is  a  rectangle.     In  x\  /!  lake  any  {>oint  E,  and  fioni  f^C  cut 

off  J) F  (it ia-d,l  io  A  E.    Join  A'A',  and  prove   that  the  (piadrilaterals 

AEFD  and  EBCF  are  reclaDgli_-5. 
52.  A  triangle  and  a  rectangle  stand  on  the  same  base,  and  the  vertex 

of  the  triangle  is  in  the  side  of  the  rectangle  which  is  opposite  to 

the  common  base  ;    piove  that  the  area  of  the  rectangle  is  double 

the  area  of  the  triangle. 

Hence  show  that  the  measure  o^  the  area  of  a  triangle  is  equal  to 

one-ljalt  the  product  of  the  measures  of  its  base  and  heij^ht. 
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CHAPTER    I. 

ArJiTJiMETicA h  Numbers. 

We  measure  and  compare  concrete  ijuautities  of  the  same 
kind  by  stating  how  many  times  a  certair.  definite  quantity 
of  that  same  kind,  called  the  iniit  of  measui'empnt,  must  be 
repeated  to  make  up  each  of  the  given  quantities.  We  indicate 
the  number  of  times  by  the  symbols  — 

1,  2,  3,  4,  5,  6,  7,  8,  9, 
and  combinations  of  these,  according  to  the  decimal  system  of 
notation. 

When  there  is  a  remainder,  and  we  cannot  arrive  at  the 
quantity  to  be  measured  by  repetitions  of  the  unit  of  measuiv- 
ment,  we  divide  the  unit  into  halves  or  thirds  or  tenths,  etc., 
and  then  measure  the  remainder  in  terms  of  these  subdivisions 
of  the  unit.     We  indicate  the  result  by  such  symbols  as — 

h        h        Vo        *'i'        ■"'        «'^^^- 

These  symbols,  used  to  represent  numbers,  are  dealt  with  in 
arithmetic 

Algebraical  Numbers. 

There  exisc  pairs  of  quantities  of  such  a  nature  that  the 
one  counted  in  with  the  other  annuls  the  other,  in  whole  or 
in  part.      Such  as— 

loss     and     gain, 
distance  up     and     distance  down, 
addend     and     subtiahend. 
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These  quantities  can.  be  measured  and  compared  in  terms  of 
r'^lated  units,  such  thi'.t,  one  unit  of  the  one  kind  destroys  or 
cancels  one  unit  of  the  other  kind. 
Such  related  units  a_e  — 

<  ne  dollar  loss     and     one  dollar  gain, 
one  yard  up     avd     07i8  yard  down, 
1  to  be  added     <iii<l     1  to  be  subtracted. 

It  lias  Ijeen  found  convenit-nt  to  denote  these  related  units, 
called  respectively  the  positive  Ullit  and  the  negative  unit, 
by  the  symbols — 

-r  1      and      -  1. 

+  1    represents  the  unit  first  chosen,   and  consequently    is 
the  fundamental  unit  of  algebraical  numbers. 
Repetitions  of  these  units  (and  of  subdivisions  of  them)  are 
indicated  by  the  symbols  — 

+  1,  +2,  4  3,  +4,  etc.,  +1,  +f,  etc., 
-  1     -^     -  3     -  1    etc     - 1    -  S  f-\c 

These  are  the  symbols  iis^r-d  to  denote  the  numbei-s  of  element 
ary  algebra. 

The  mark  -h  is  called  the  positive  sign,  and  is  read  plus. 
The  mark  -  is  called  the  negative  sign,  and  is  read  minuS. 

Algebraical  numbers  which  differ  only   in  sign  are   called 

complementary  numbers. 

Tlie  sign  -^  is  often  omitted,  and  when  neither  -f-  nor  - 
is  placed  l^efore  an  arithmetical  number,  the  sign  +  is  to  l>e 
understood. 

la  dealing  with  these  algebi'aical  numbers,  arithmetical 
results  are  included,  for  either  of  the  above  series  of  numbers 
includes  all  the  numbers  of  arithmetic.  The  value  of  an  alge- 
braical numlier,  considered  independently  of  its  sign,  is  called 

its  absolute,  *>t  arithmetical,  value. 
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-j-l  indicates  tliat  the  positive  unit  is  taken  once,  and  i> 
read  plus  one. 

+  2  indicates  that  the  positive  unit  is  taken  twice,  and  is 
read  plus  two. 

—  1  indicates  that  t'ne  negative  unit  is  taken  once,  and  is 
rea^l  mimis  one. 

—  2  indicates  that  the  net:ati\e  unit  is  taken  twi(.-e,  and  is 
read  minus  tivo. 

-+  1  and  +1  counted  together  give  +2. 
-  1  and   -  I  counted  together  give  -  2. 
+  1  and  -  1  counted  together  give  0. 
In  arithmetic,  when  one  yard  is  the  unit,  the  ntimber  3 
indicates  the  measurement  of  the  quantity  three  yards. 

In  algebra,  when  one  yard  up  is  the  positive  unit,  the 
number  +  3  indicates  the  measurement  of  the  quantity  tlirpe 
yards  up,  and  -  3  the  measurement  of  the  quantity  three  yards 
dotcn. 

Exercise  1. 
Find  the  algebiaicul  numrjers  which  represent  the  following 
measurements  : 

1.  Thirty  feet  up  when  the  positive  unit  is  one  foot  up. 

2.  Thirty  feet  down  when  the  positive  unit  is  one  foot  ujj. 

3.  Thirty  feet  up  when  the  positive  unit  is  one  fof)t  down. 

4.  Thirty  feet  down  when  the  positive  unit  is  one  foot  down. 

5.  A  gain  of  2;")  dollars,  the  positive  unit  being  a  gain  of 
5  dollars. 

6.  A  loss  of  40  cents,  the  positive  unit  being  a  gain  of 
10  cents. 

7.  Ten  miles  east,  when  the  positive  unit  is  one  Jiundred 
yards  west. 

8.  If  a  deljt  of  5  dollars  is  represented  by  +  5,'  what  will 
+  3  represent?     What  will  -  \  rejireseuL  ( 
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9.  "What  is  the  positive  unit  when  a  deVjt  of  10  dollars  is 
reprej>ented  by  +  21 

10.  What  is  the  negative  unit  \\  in  n  an  expansion  of  3 
inches  is  denoted  hj  -  2  '. 

ADltriluX. 

In  ai'ithmetic  we  add  numV)ers  by  c<junting  together  the 
tmits  indicated. 

Likewise  in  algebra  we  add  nuniljers  by  counting  together 
the  units  indicated  ;  but  we  must  remember  that  complement- 
ary numbers,  such  as  + 1  and  —  1,  or  -\-2  and  -  2,  or  -f  3  and 
-  3,  etc  ,  when  added  cancel  each  other. 

Thus,   +  ■_'  and  -  2  when  added  give  0. 
+  2  and  +3  "  +6. 

-  2  and  -  3  '  -  :>. 

+  2  and    -  3  "  -  i. 

-2  and    +3  •'  4-1. 

ExKi!«  isr.  2. 
Add  the  numbers — 

1.  +2,  +3,  +n. 

2.  -  2,  -  3,  -  •*. 

3.  +1,'  -2,' +3,  --i,  +..,--. 

4.  -12,  -15,  +14,  +20,   -3r,,  +.^;0. 

5-  +h  -h  +''  -:^- 

6.  +1^,  -2|, +0^,  -2^\.. 

7.  32,     -1(5,  14,   -28,  +30,   -50,  GO. 

8.  loOO,   -18-27,  +131-4,   -  141.%  -1513. 

9.  State  a  rule  for  the  addition  of  two  numbeis  which  have 
ike  signs. 

10.  State  a  ruh'  for  the  atlditionof  1\v«>  numbers  which  have 
unlike  signs. 

1  I.  Add.  the  !dgnbra><-al  )iumb<rs  wiiicli  represejit  the  quan- 
lities.  15  'lollai's  loss,  1 -'^  dolhi!-^  g''-in.  and  20  dollurs  gain, 
A'liHn  one  dollar  loss  is  the  positive  unit. 
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SI  liihACTIOX. 

Bv'  tlie  subtraction  of  one  number  from  anotlier  we  mean 
the  taking  aw.ay,  or  counting  (jut,  from  the  latter  the  units 
indicated  by  the  former. 

If  we  wish  to  subtract  +3  from  a  given  number  we  can  do 
so  by  counting  in  —  3  with  the  given  numbei-,  since  tliis  will 
have  the  effect  of  counting  out  +  3. 

To  subtract  -|-4  from  -f-7.  v  e  aild  -1-7  and   -  i. 

To  subtract   -  4  from  -r  7,  we  ad»l  -\-7  and  -f  4. 

To  subtract  -^  4  from   -  7    we  add   -  7  and  +4. 

To  subtract  -f-4  from   -  7,  we  add   -  7  and   -  4. 

That  is,  to  subtract  an  algebraical  jmmber  we  add  the  con\- 
plemeutary  iunni)er. 

EXKKCISK    M. 

1.  Subtract  -|-3  from  -\-i''. 

2.  Subtract   -  3  from  -|-f>- 

3.  Subtract  +  3  from   —  5. 

4.  Subtract   -  3  from   -  5. 

5.  From   -  36  take   -  'JO,  and  add    -  30  to  the  result. 

6.  From  the  sum  of  -  2<S  and  32  subt'-act  the  sum  of  -  60 
and  +  30. 

7.  Add  -  13,  -  12,  +18,  and  subtiact  the  result  from  the 
sum  of  8,    -  5,   -  20  and  +  30. 

8.  From  the  sum  of  —12,  +15,  -13  and  10  lake  the  sum 
of  -  I  8  and  +  27. 

9.  What  must  be  added  to  tlie  sum  of  -  4,  .^)  0  and  +  8 
to  give   +13? 

10.  What  number  must  be  sul)ti  acted  from  the  suui  of  -  19, 
—  :^0  and    -  5  to  yive  a  i-eniaiuder   +  1  7  .' 
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MULTIPLICATION. 

In  arithmetic  we  multiply  7  by  3  by  counting  togeth(;i-  7 
and  7  and  7,  and  obtain  21  ;  that  is,  we  do  with  7  that  which 
we  did  with  the  unit  to  obtain  3.  Also,  when  we  multiply  § 
by  4,  we  divide  §  into  live  equal  parts  and  take  four  of  these 
parts — that  is,  we  do  with  |  that  which  we  did  with  the  unit 
to  obtain  -|. 

Similarly,  in  algebra,  we  multiply  +  7  by  +  3,  by  doing  with 
+  7  just  that  which  we  did  with  +  1  to  get  +  3  ;  that  is,  we 
count  together  +  7  and  +  7  and  +  7  and  obtain  +21.  Also, 
we  multiply  +  7  by  -  3,  by  counting  together  -  7  and  -  7  and 
"  7,  and  obtain  -  21  ;  for  we  obtain  -  3  from  +  1  by  changing 
its  sign,  that  is,  taking  the  complementary  number,  and  count- 
ing it  three  times. 

To  multiply   -  7  by  +  3  we  count  together  -  7  and   -  7  and 

-  7,  and  obtain   -21. 

To  multiply  -  7  by  -  3  we  couin  together  +  7  and  +  7  and 
+  7,  which  gives    +21. 

EXERCISK    4. 

1 .  Multiply  +  i  by  +  2. 

2.  Multiply  -  4  by  +2. 

3.  Multiply  +  4  by  -  2. 

4.  Multiply  -  4  by  -  2. 

5.  Multiply  the  sum  of    +10,    -  8  and    -  16  by  the  sum  of 

-  4,  -  6  and  +  8. 

6.  Subtract  the  sum  of  +  60,  --  30,  -  32  and  +  24  from  the 
product  of  -  24  and  +  1  3. 

7.  Fiom  the  product  of  -  12  and  -  13  subtract  the  sum 
of  -  4,  5,  -  6,  +7  and  -  8. 

8.  What  is  the  sign  of  the  product  of  two  positive  numbers  'i 

9.  What  is  the  sign  of  the  product  of  two  negative  numbers  ? 

10.  What  is  the  sign  of  the  product  of  two  numljers  which 
have  different  eigus  'i 


ELEMENTARY   ALGEBRA.  59 


DIVISION. 

The  division  of  one  number  by  anuther  means  the  finding 
of  that  number  which  multiplied  by  the  latter  number  gives 
the  former. 

We  wish  to  divide  +  6  by  +2.  Now  we  counted  + 1 
twice  to  oljtain  +  2  ;  hence  to  divide  +  6  by  +2  we  must  find 
that  number  which  counted  twice  will  give  +  6  :  therefore 
+  3  is  the  result. 

To  divide  +  6  by  —  2  we  must  find  that  number  which, 
after  having  its  sign  changed,  and  being  counted  twice,  will 
give  +  6  :  therefore  —  3  is  the  result. 

Similarly.,    -  6  divided  by   ^  2  gives   -  3, 
and   -^  divided  by   -2  gives  +3. 

Ex.':rcisk  o. 

1.  Divide  +12  by  +4. 

2.  Divide  -  12  by  +4. 

3.  Divide   +12  by   -4. 

4.  Di\4de  -  1 2  by  -  4. 

5.  Divide  the  sum  of  -  20  anfl  -  40  by  the  sum  of  +  30 
and  -20. 

6.  From  the  product  of  -  40  and  -  4  )  subtract  the  pro- 
'  duct  of  -  30  and    —  30,  and  divide  th  ^  result  by  the  sum  of 

+  40  and   -30. 

7.  What  is  the  sign  of  the  result  of  dividing  a  positive 
number  by  a  positive  number  1 

8.  What  is  the  sign  of  the  result  of  dividing  a  positive 
number  by  a  negative  number  1 

9.  What  is  the  sign  of  the  i-esult  of  dividing  a  number 
by  another  of  different  sign  1 

10.  What  is  the  sign  of  the  result  of  dividing  a  number 
by  another  of  the  same  sign  ? 
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Besides  their  uses  to  distinguish  the  two  series  of  algebraical 
numbers,  the  signs  +  and  -  are  used  to  indicate  the  operations 
of  addition  and  subtraction  respectively,  as  in  arithmetic. 

The  signs  x  and  -7-  are  also  used  to  indicate  multiplication 
and  division  respectively. 

The  bar  —  also  indicates  division. 

An  algebraical  number  is  sometimes  enclosed  in  brackets 
to  distinguish  the  two  uses  of  +  and  —  . 
Thus:  (  +  5)  +  (-3)  =    +2. 
(  -  7)   -  (  +  3)  --=    -  10. 
(  +  5)   X   (-3)  =    -15. 
(+12)  -:-  (-6)  =    -2. 
+  1^ 


2. 


Exercise  6 
Find  the  value  of  : 

1.  (  +  5)  +  (-G)  +  (  +  7)  +  (-8). 

2.  (  +  4)  -  (-4)  -V  (-4)   -  (  +  4).. 

3.  (  +  5)  X  (-6)  +  (  +  3)  X  (-2). 

4.  (-10)  -:•  (  +  2)  -  (  +  12)  -  (-3). 
T).  (  +  0)   X   {-Ty)  +  (  +  ij)  -:-  (-2). 

0.  (  +  12)  +  (-4)  +  (-3)   X   (-2)   -  (  +  6)   X   (-1). 

-60        -.30-40 

7.  - —  +  + • 

-12-5+4 

-  20         40       60 

8.   + 

+  4         -  4        6 

9.  (-15)  +  (-3)  +  (-40)  +  (  +  4)  -  (-20)  +  (-5). 

-52         -8         -  60  10 

10.  . + - 

-4  4  4  10 
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CHAPTER    II. 
Definitions,  Substitutions,  CoMBixiNfi  Like  Terms. 

In  algebra  we  deal  not  only  with  definite  numbers,  such  as 
those  of  the  preceding  chapter,  but  we  reason  also  about  gene- 
ral numbers,  which  we  represent  by  letters. 

Thus,  no  matter  what  number  is  denoted  by  either  a  or  b, 
we  have 

a  +  h  —  b  =  a. 

When  we'use  letters  to  represent  numljers,  we  indicate  the 
operation  of  multiplication  by  writing  one  letter  immediately 
after  the  other.  Thus  ab  means  the  product  of  the  number  a 
and  the  number  b. 

We  also  indicate  the  product  of  a  detinite  number  and  a 
general  number  by  writing  the  general  number  after  the  other 
with  no  sign  between.  Thus  -  2a  means  the  product  of  -  2 
and  a. 

When  a  number  is  expressed  as  the  product  of  two  numbers, 
each  of  these  numbers  is  called  the  coefficient  of  the  other,  and 
each  is  also  called  a  factor  of  the  product. 

A  coetficient  is  called  a  numerical  coefficient  when  it  is  a 
definite  number,  and  a  literal  coefficient  when  it  is  a  general 
number.  In  the  product  -  ix,  -  4  is  the  numerical  coefficient 
of  X  ;  in  the  product  of  ax,  a  is  the  literal  coefficient  of  x. 

Exercise  7. 

1 .  What  is  meant  by  mn  ?    —  Qm  ?    +  in  ?    3m  ?    —  hnn  ? 

2.  If  m  is  +  6  and  nis  -  3,  what  is  the  value  of  mn  ?  -  Qn  ? 
+  in?  3m?    -imn? 

3."  State  the  meaning  of  each  of  the  following  sets  of  sym- 
bols :  abc,  ab  +  c,  a  +  be,    -  2  +  be,    —  2b  +  c,    -  '2bc. 

4.  If  a  is  +  2,  6  is  +  3,  and  c  is  -  4,  find  the  value  of  abc 
ab  +  c,  a  +  bc,   -2  +  be,    -  26  +  c,    -  2b(;. 
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5.  Find  the  valuta  of  each  of  the  following  expressions,  in 
which  a=  r  2,  6=  —  3,  c=  —  2,  d=  +4,  ic=  +  1,  y  =  —  5, 
r=  -10:— 

(I)  a  +  b  +  c  +  d.  (2)  a  +  h  +  cx  +  dy. 

(3)  ab-cd+  ax  -  yz.  (4)  ac  -  bd+  2x  -  3y  +  4z. 

(5)  abc  +  nbd  +  bed  +  xyz.      (6)  obex  -  abdy  +  acdx  -  hcdy, 
(7)  abcdxijz. 

6.  If  the  value  of  +  3a;  is  +  30,  what  must  be  the  value  of  x  ? 

7.  When  —  3x-  is  +  30,  what  is  the  value  of  x  ? 

8.  When  -  'ix  is   -  30,  what  is  the  value  of  x  ? 

9.  If  the  value  of  «6  is  +  40,  and  the  value  of  a  is  -  1 0, 
what  is  the  value  of  6  ? 

10.  If  ah  =    -  oO,  and  6  =    +5,  what  is  the  value  of  a  ? 

11.  If  abc  =  +  60,  and  a  =  +2,  and  b  =  —  3,  what  is  the 
value  of  c  ? 

1 2.  If  abc  =    -  90,  and  a  =    -  9,  what  is  the  value  of  be  1 

13.  abed  is  equal  to  40,  when  a  =  -\,b  =  -  2,  and  e  = 
+  5,  what  is  the  value  of  dl 

14.  If  yz  is  equal  to  —  10,  what  is  the  value  of  a'<//:  when 
a  =    -  3  and  b  =   +2? 

15.  li  a  +  b  is  equal  to  +20,  and  b  is  equal  to  +  <3,  what  is 
the  value  oi  a  ? 

16.  If  ab  +  cd  is  equal  to  100,  and  ab  is  equal  to  +  40,  what 
is  the  value  of  ed  ? 

17.  If  ab  +  ed  =  60.  and  ab  =  20,  and  e  =  -  4,  what  is  the 
value  of  d  ? 

18.  If  ax  +  by  '^  -  .30,  and  a  =  -  4,  /<  =  -  10.  and  x  =  -  "), 
"what  is  the  value  of  y  1 

19.  ah  -  ed  =  60,  a  =  +  2,  f  =  +  3,  (/  =  +  4,  what  must  be 
the  value  of  o  ? 

20.  -  Sx  +  40  =   70,  what  is  the  value  of  x  1 
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A  collection  of  algebraical  symbols,  that  is,  of  letters,  figures 
and  signs,  which,  when  all  the  operations  indicated  are  carried 
out,  results  in  a  number,  is  called  an  algebraical  expres- 
sion, or,  shortly,  an  expression. 

The  parts  of  an  algebraical  expression  which  are  to  be  used 
as  addends  in  finding  the  final  value  of  the  expression  are 
called  terms. 

Thus  a.r  -  hij  +  2~  -  36  is  an  expression  of  which  the  terms 
are  ax,   -  by,  +  '2z,    -  3G. 

Those  term?  which  are  v  litten  with  the  sign  +  (or  with- 
out the  sign)  are  called  positive  terms. 

Those  written  with  the  sign  -  are  called  negative  terms. 

Terms  which  differ  only  in  the  sign  are  called  comple- 
mentary terms. 

Thus  in  the  expression  a  +  Zo:  —  hy  +  hy  -  3,x',  +  'i^  and  -  3a: 
are  complementary  terms.      Such  also  are   —  hy  and  +  by. 

An  expression  consisting  of  one  terra  is  called  a  monomial '. 
as  \ah. 

An  expression  of  two  terms  is  called  a  binomial :  as  '2a  +  3c. 

An  expression  of  three  terms  is  called  a  trinomial :  as" 
a  +  h  +  c. 

All  expressions  <>f  more  than  one  ter-ni  are  called  multi- 
nomials, or  polynomials. 

Combining  Like  Tkrm.s. 

Two  terms  which  contain  the  same  letters  involved  in  the 
same  way  are  called  like  terms. 

Thus,   +  5m,   +  3//i,   —  6'//i  are  like  terms. 
(die,  4abc,   —  oabc  are  also  like  terms. 

Consider  the  like  terms  +  om  and  +  Sni.  +  5m  means  m. 
repeated  five  times,  and  +  Sm  means  ni  repeated  three  times. 
Hence,  their  sum  is  m  repeated  eight  times,  that  is  +  8m. 
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Consider  the  like  terms  +8m  and  -  6//t.  +  8m  means  ra 
repeated  eight  times,  and  -  6m  means  that  the  sign  of  ?>«  is 
changed,  and  the  resulting  number  repeated  six  times.  Hence 
their  sum  is  m  i*epeated  twice,  that  is  +  2m. 

From  these  examples  we  see  that  two  like  terms  may  be 
combined  into  a  like  term,  whose  numerical  coefficient  is  the 
sum  of  the  numerical  coefficients  of  the  given  terms. 

The  sum  of  -  6ahc  and  +  9abc  is  +  3ahc,  since  the  sum  of 
-  6  and  +  9  is  +3. 

Exercise  8. 

Simplify  the  following  expressions  by  combining  like  terms  : 

1.  +8*  +  6«-9«. 

2.  +  Sahc  +  Qabc  -  9al'C. 

3.  +13.r- 12?/  +  4y-5.r. 

4.  2y-lQi/  +  l3y-lix. 

6.  ^abc  +  fobc  -  |a/>c  +  ^ahc. 

7.  -  ?>pq  +  1  Opq  -  Ipq  +  x  +  y  +  z. 

8.  pq  -  ^pq  +  'opq  +  ?>p  +  '2q. 

9.  ap  +  hq+l  'S])q  -  2ipq  -  1  Qjyq. 

10.  Sx  -  4.T  +  8cK  +  1 2xy  -  ixy  -  1  Oxy. 

11.  40abcd  -  38abcd  -  1  Qahcd  +  'i2abcd. 

1 2.  1 2x  +Uy  +  \iz  +  6.r  -  fyy  -  8s  -  3.r  +  4?/  -  5^. 
.13.  7a;  -  32  +  4x-  +  14y  -  20s  -  32.r  -  4y. 

14.  27mn  -  36wZ  +  40?m  +  42«Z  -  32mn. 

What  does  mn  mean  ?     What  does  nm  mean  1 

1 5.  +  3mn  +  4rim  +  5mw. 

16.  4aftc- 5oc6  +  6&crt- 17c6a. 

17.  13.x-y2;+12ayz-20yz.i;-  \lzay +  ^0zyx+\(}0azy, 

18.  8X+137-167+14X-4r. 
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CHAPTER    III. 

ADDITION. 

To  acid  +  3.x  and  -  4_y,  we  merely  write  the  terms,  one  after 
the  other,  with  sign  unchanged  ;  thus,   +  3.r  —  4?/. 

Also,  to  add  +3x+2i/  and  +Qx-6y,  we  write  +3x+2i/ 
+  6x  —  5y. 

This  last  result  may  be  simplified  by  combining  the  like  terms 
giving  +  9a;  -  3i/. 

It  is  sometimes  more  convenient  to  write  the  expressions  to 
be  added,  one  under  the  other,  having  like  terms  in  vertical 
columns.     Thus,  tlie  above  sum  would  be  written — 

+  3.x-  +  22/ 
+  &x  -  by 
+  9ic  -  oy 

Exercise  9. 
Add  together — 

1.  +5a  +  66;    +1a-2h. 

2.  14a +  36;    -6a +  26;    -3a -56. 

3.  6a  +  76;  96- 13a;  14a+66  +  c- 

4.  -3a-26  +  4c;    -6a-76-136;  17a  +  186  +  19c 

5.  22a;-y  +  6;s;  I2y-\?,x;  i0x-S0z  +  26y. 

6.  x  +  y  +  z;  y  +  z  —  x;  z  +  x-y;  x  +  y~z;    —x  —  y  —  z. 

7.  x-\-2y  +  Zz;  Ay  +  bz-%x;  Iz  +  B^x-^y,  I0x+l\y~l2z. 

8.  2a  +  6-c-fZ;  3a-66  +  14c  +  rf;   12rt  -  306;  166  + 13c. 

9.  a  +  b-k-G  +  d ;  b  +  c  +  d-a;  c  +  d-  d-b  ;  d  +  a  —  b-c. 

1 0.  1  Oxy  +  1  Syz ;  IOt/z+I 3xy  -  20zx ;  27 xy  +12yz  +  zx. 

11.  7  +  13a6-166c;  226c  -  16a6  + 13  ;    -17+a6. 

12.  pqr  +  a6c  -  100  ;  45a6c  -  IQpqr  ;  17  -pqr  -  abc. 

13.  Uab  +  lbc  +  lcd;    -  Aa6 +  |6c  -  lOc^. 

14.  •25a6  -  -6360  +  -dcd ;  ^-bbc  -  -iah  +  -750^ 

15.  ^x  +  ly-lz  +  lxyz;  x-y  +  z-xyz;   ^x -  \y  -  ^z  +  xyz. 

16.  13a6crf+ 14rt6cfe- 156c(^e;  r26cc?a- 156acZe  -  106ecd 
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17.  I7pq+l bqr  -\Zrp  +  \ Srq  ;  22qr  -  1  &rp  +  ISpq  ;    -  2 2qt 

—  4:0pr  —  1 3pq  ;    1 2pq  +I3rq  +  1  iqp. 

1 8.  270.«y  -  1 320xvz  4- 1  AO'M-yzw  :  1  OOr/.-y^;  -  'iOOyx  -  xzyw ; 
scy  +  xyz  -  xyzio. 

19.  x  +  y  +  z  +  iv  +  a  +  h  ;    x  —  y  +  z  —  w  +  a  -  h  ;    a  -  h  -  x  —  y 

—  z  -  ?r;  z  +  w  —  X  —  y  +  a  +  h;    —  a-  h  —  x  —  y  —  z  —  to;    +a  —  b; 

—  x  +  y  —  z  ;    —  IV. 

20.  h  +  hc+  \a  ;  c  +  la  -  U  ;  a  +  f  A  -  %,' ;   -  2a  -  2h  -  2c. 

SUBTRACTION. 

We  have  already  shown  that  to  subtract  an  algebraical 
number  is  the  same  as  to  add  the  complementary  number. 
Now,  the  complementary  of  any  expression  may  be  obtained  by 
changing  the  sign  of  each  of  its  terms :  for,  the  sum  of  any 
expression,  and  the  expression  obtained  by  changing  the  sign 
of  each  of  its  terms,  is  zero. 

tL3nce,  to  subtract  any  algebraical  expression  from  another, 
"we  add  to  the  latter  the  expression  obtained  by  changing  the 
sign  of  each  term  of  the  former. 

Thus,  to  subtract  Ga  +  ih  from  1 3a  -  1 2/*,  we  must  add 
13a   -    I2b  and  -   6«  ~  4b. 

This  may  be  done  by  writing  the  terms  in  succession,  as 
[3a   -    I2b-  C^a  -  4b, 
and  combining  like  ter-ms. 

Or,  as  in  the  case  of  addition,  by  wiiting  the  like  terms  in 
vertical  columns;  thus  :  — 

\3a   -    12/; 
-  6ft  -     4b  ^ 
7ft  -  166. 

When  the  subtracLion  is  pei-foruied  in  the  latter  way,  it  is 
usual  to  lea\e  the  signs  of  the  expression  to  be  suVitractetl 
unchanged  when  writing  it  under  the  other.  Then  the  .signs 
luust  be  changed  mentally  when  performing  the  addition. 
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Thus,  to 
we  write 

subtract  Sab   - 

Uab 
Sab 

%bc  +  ide  from  ISab  - 

-  Sbc  -     Qde 

-  Uc  +     4de 

-  Sbc  - 

-  ^de 

and  obtain 

oab 

-  2bc  -   lOcfc. 

Exercise  10. 
Subtract  : — 

1.  2a  +   ^b  +   \c  from  6«  4    'oh  -!-    Pc. 

2.  rt  +  6  +  c  from  2rt  —  6  4   f^-, 

3.  a  —  i  —  c  from  a  +  ft  +  c, 

4.  2a;  —  3?/  +  4^  +  6ty  from  1 0  /■  -    »/  ~  z  —   1  Ow. 

5.  «  +  2/)  -   3c  -   4'i  from  //  +  c  -  cZ  -  a. 

6.  17.«  -   14^  +  20c  from  40./,-  -  y  -  z  -  w. 

7.  rn  +  71  +  p  from  2iii. 

8.  2//i  +  3/i  -   ip  from   -  /»  +  -J///. 

9.  '2ab  +  ?>hr:  +  5ca  from  4(d}  +  ibc  +  4ca. 

10.  1 0.'V/c  +   1  'lyztv  —   1  ^ztvx  from   —   Tyyzv. 

11.  Subtract  2.ry  -  Sya  +  43a;  from  ?txy  -  4^/2  +  ;:.f  and 
add  xy  —  yz  —  zx  to  tlie  remainder. 

12.  Subtract  the  sum  of  lOZ  —  Im  +  3w  -  />  and  3m  -  •« 
+  ;^   -   3/ from  12^  -   Wm  +  lOw. 

13.  Subtract  from  x  -V  y  -\-  z  the  sum  of  2.''  -y  y  -\-  z, 
X  +  2y  -  32  and  —  a;  —  y  +  «. 

14.  Subtract  from  aa;  —  ^hx  +  A:C.x,  the  sun^  of  -  'lax  + 
46a;  —   Hca;,  ax  —   '6bx  +  6e.»'  and  2ax  —  2hx  -    2<yx. 

1.5.  Subtract  the  sum  of  a.x-  -  a  +  1,  2nx  -  2«  -  2,  and 
-  aa;  -  a   -  4  from  «a;  +  «  +   1. 

BRACKETS. 

We  indicate  that  an  algeljraical  expression  is  to  be  added  as 
a  whole  by  placing  it  in  brackets  with  a  +  sign  prefixed. 

Thus,  a  +  (b  +  e)  means  that  the  sum  of  b  and  c  is  to  be 
added  to  a.  But  this  is  the  same  as  writing  down  the  terms 
of  the  expression  to  be  added   with  their   signs   unchanged. 

Thatiij, 

a  +  (6  +  c)  =  a  4-  6  +c. 
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From  this  we  see  that  when  a  pair  of  brackets  is  preceded 
by  the  sign  + ,  the  brackets  may  be  removed. 

Again,  we  indicate  that  an  algebraical  expression  is  to  be 
subtracted  as  a  whole  by  placing  it  in  brackets  with  a  —  sign 
prefixed. 

Thus,  a  —  (b  +  c)  means  that  the  expression  b  +  c  is  to  be 
subtracted  from  a.  But  this  is  the  same  as  writing  down 
the  terms  of  the  expression  to  be  subtracted,  with  their  signs 
changed.     That  is, 

a     ■  yh  -r  c}    —    a  —   h   —  c. 

Hence  we  see  that  when  a  pair  of  brackets  is  preceded  by 
the  sign  — ,  tne  brackets  may  be  removed  if  we  change  the 
sign  of  each  term  which  was  enclosed  by  the  brackets. 

Sometimes  se-"-eral  pairs  of  brackets  are  used,  one  pair  being 
wholly  enclosed  by  another  pair.  In  such  cases  the  pairs  of 
brackets  are  made  of  diffe»'ent  shapes  : — 

In  removing  these   brackets,  it  is  best  to  begin  with  the 
innermost  pair,  and  remove  only  one  pair  at  a  time. 
Thus, 

X   -    {x   -   (2.r   -   y)   +-2y.} 

=  «—    \x  -    2x   +  y  +  2y.  I 
=  X  -   X  +  2x  —  y  —  2y. 
=  2x  —  3y. 

Exercise  11.  , 

Remove  the  brackets  from  the  following  expressions  and 
combine  the  like  terms  : 

1.  X  +  (y  -  z). 

2.  X  -   (y   -  z). 

3.  2a-  -  (y  -   3.t)  +  (4.T  -  Ay). 

4.  (3.r  -  3y  +  \z)-{2x  -  2y  +  3z)-(x  -  y  +  c> 
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5-  {x  -  y)  +  {y  -  z)  +  (z  -  x)  +  (x  +  1/  +  z). 

6.  a:  -   (y   -  2)   -   (2  -    x)  -  (x  —  y). 

1.  {x  -  y  +  z)  +  3x  -   (2y  -   2x)  -  {x  -  y  +  z). 

8.  20  +  (13   -  a)  +  4   -    •{  5  -  (6  -  2a)}. 

^-  X  -    {{y   -  z)   -   {z  -  x)}    -   (x  -  y  +  z). 

10.  2p   -   {3q  +   ir)   -    {2p   -   [Zq  +   4r)}    +  j,   +   q  +  r. 

11.  a  -    {2h  -   3«    -    (4a  -  2h)\    +  25  -  3a  -  (4a  -  2J). 

12.  3a  +  \lb  -    |oc     -  (;2a  -  6)  +  3c}]. 

13.  a  +  5  +  c  +  d-^a   -    {6  -   (c  -  o?)}]. 

14.  [2a:  -  y   -    {Sx  +   2y    -    (3/  -  x)}]   -   [j  (x     -     y) 

-x}    +  y} 

15.  2   -   [2   -    {2   -    (2  -   a)   -   2}    -   2]. 

A  bar  is  sometimes  placed  over  the  terms  which  are  to  be 
considered  as  one  quantity.  Thus,  a  —  b  -  c  means  the 
same  as  a  —   (^  —  c). 

16.  2x  -  [2y-  {■:x  -  y  -  {2x  -  y  -  x  -y)  +  1y\ -y\ 

17.  a    +    h~c-\-d-\_a-h-^    \c-^d-{b-c-d 

-  b  -  ^H-         

18.  2x  -   3y  +  42  +   3w  -  X  —   2y  —  32  -   4?<;. 

19.  a  _  [  -  Ta  -  I  -.6  -  (2c  -  3a  -  46  -  4o)  -  3a  -  &  }  -  c]. 

20.  1    -   [  I  2   -   3~~^ }  ]    -     ^     ..    r  3    _    J  4   _   (5   _ 

6^T)}]. 

Evidently  any  nuwber  of  terms  of  an  expression  may  be 
enclosed  within  a  pair  of  brackets,  preceded  by  the  sign  + 
without  changing  the  signs  of  the  terms  ;  and  within  a  pair  of 
brackets  preceded  by  the  sign  —  ,  if  the  signs  of  the  terms  are 
changed. 
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Exercise  12. 

Enclose  the  third,  fourth  and  fifth  terms  of  each  of  the 
following  expressions  in  a  pair  of  brackets,  preceded  (1)  by  the 
sign  +,   (2)  by  the  sign  -  : 

1.  2a  -  b  -  3c  +  id  -  e. 

2.  a  -   b   -   c   -   d  -   e  +  /. 

3.  2x  -   Sy  +  4z  -  Sx  -   3y  -;-  3z. 

4.  2x  -  y  -   3.<;    -   4y  -   4.r  H-  i'. 

5.  a  +  h  -    c  -  a  +  b  -  c 

6.  2x  -  Si/  +  4z  -  bw  +  6?<. 

7.  3a  -   'ih  -   4c  -   4rt  -  e. 

8.  2i  -   4   -   2c  -  y  -r  ?>z. 

9.  —  X  +  y  -   z  —  IV  -r-  6m. 

10.    -  hx  +  \y  -   \z  +  \vj  -  §«. 
Enclose  the   third  and  fourth   terras  of  the  following  in  a 
pair  of  brackets  preceded  by  the  sign  — ,  and  then  all  of  the 
expression   after   the  first  term  in  another  pair  of  brackets 
preceded  by  the  sign  -  •. 

11.  a  —  b  -  c-\- d\- c. 

12.  2x-2>y--^z-\-bw. 

13.  x  —  y-\-z-?>. 

14.  ab-\-bc-\- c((  -  abc. 

15.  -  x-\'y  -  z-f-w. 

16.  -}ja-{-^b  -k.^i    . 

17.  {a-b)-(c-d)-\-{a  +  d). 

18.  x-(y-2z)-{z-2T)-(x-2y)  +  ym 
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CHAPTER  IV. 


MULTIPLICATION. 


We  know  that  the  product  of  two  arithmeticai  uumbers  is 
the  same,  no  matter  which  number  is  taken  as  multiplier. 

Thus  3  multiplied  by  4  gives  the  same  result  as  4  multiplied 
by  3  ;  nnd  |  multiplied  by  4  gives  the  same  result  as  4 
multiplied  by  |. 

Evidently  the  same  will  be  true  of  algebraical  numbers  :  for 
the  absolute  value  of  the  product  is  independent  of  the  signs, 
and  the  sign  of  the  product  is  independent  of  the  order  of  the 
factors. 

MULTIPLICATIOX    OF    MONOMIALS. 

We  have  already  learned  that  the  product  of  two  general 
numbers  is  indicated  by  writing  the  letters  one  immediately 
after  the  other.  In  finding  the  product  of  two  monomials,  we 
have  then  only  to  multiply  the  numerical  factors  of  the  terms 
and  annex  the  literal  factors. 

Thus  (+  4x)  X  (+   3y) 

=  +   \2xy. 

And  —  3x2/   ^    ""   ^*^ 

=  +   \'2xyab. 

When  a  literal  factor  is  repeated  in  a  product,  the  number 
of  times  the  factor  occurs  is  indicated  by  a  small  figure 
written  a  little  above  and  to  the  right  of  the  letter. 

Thus  the  product  of  -   4a  and  -   5a  is  written  +  2Qa?. 
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Instead  of  aa  we  write  or, 
"  aaa  "        a^, 

"        aaaa         "        a*, 
and  so  on. 

(a  +  b)  multiplied  by  (a  +  b),  indicated  by  (a  +  b)  (a  +  b), 
is  also  written  (a  +  by. 

(a  +  b)  (a  +  b)  (a  -f  h),  is  also  written  (a  +  by. 
7  X  7  X  7  X  7  X  7,  is  also  written  7\ 

The  pioducts,  a?,  a?,a^,   are  called  the  second,  third, 

fourth, powers  of  a. 

The  number  which  indicates  the  power  is  called  the  index 
or  exponent-  When  a  letter  has  no  index,  1  is  to  l>e  under- 
stood ;  thus,  a  =    rt^ 

The  product  of  o?  and  a?  is  a-  "^  ^  : 
for  a^  =  rt  «, 
and  (V"  =  a  a  a, 
.•.a-   X   a^  =  a  a  a  a  a 
=  a.^ 
Similarly,  a,-^  X  af  =  :c* : 

for  x^  =  XXX, 
and  x^  =  X  x  x  x  x, 

.-.  X^    X    (tf    —    X  X  X  X  X  X  X  X 

Hence  we  see  that  the  index  of  the  product  of  two  powers 
of  the  same  letter  is  equal  to  the  sum  of  the  indices  of  the 
factors. 

Exercise  13. 
Multiply  : 
1.    -  3  by  +  4.  2.-5  by  -  3. 

3.    -  2  by  -  5.  4.    -  3b  by  +  4a. 

5.    -   5x  by  -  3y.  6.    -   2m  by   -   5n. 
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7. 

-  3Z>  by  +  46.                   8.    -  bxy  by  -  ?>x. 

9. 

-  '2mn  by  -   bmn.          10.    -   3^/^  by  +  ih^. 

11. 

-  5.oc*by  -   3x^               12.    -   2m}'>  hy  -  on 

13. 

-  4:  a  b"^  c^  by   -   5  a^  h-  c. 

15. 

-  f  a^  P  c*  d-  Ijy  +  1  a  //  c  d^  e. 

15. 

-   3  X  y  z^  8  rc^  y-  and   -  y^o  a;^  zl 

16. 

-   2  m^  n^ p^,   3  m  np  q  and  p  q. 

17. 

-  X,    -  X  and   -   .r. 

Find  the  value  of  : 

18.  (  -  a;)*.  19.  (  -  2  a  bf. 

20.  (-  2  any.  21.  (-  3)1 

22.  (  -  2  a^  i)\  23.   (  -  a  b''  c'f. 

24.  (  -   3  x^  yf   X   (  -   2  a;  /y^)-   x  (  -  xy  zf.. 

25.  -  (a^  J  c)2  X   (  -  a2  f^^y^ 


MULTIPLICATION    OF    A    MULTINOMIAL    AND    A    MONOMIAL. 

We  indicate  the  product  oi  a  +  b  and  c  by  placing  a  +  6  in 
brackets  and  writing  c  either  immediately  after  it  or  before  it. 

Thus  (a  +  b)  c,  or  c  (a  +  b). 

To  multiply  c  hy  a  +  b,  we  must  use  the  quantity  c  as  the 
unit  in  forming  the  expression  a  +  b. 

That  is,  we  must  do  with  c  that  which  we  did  with  + 1  to 
obtain  a  ;  and  also  we  must  do  with  c  that  which  we  did  with 
+  1  to  obtain  b  ;  and  then  add  the  two  results. 

Hence  to  find  the  product  of  (a  +  b)  and  c,  we  must  add  the 
product  of  a  and  c  and  the  product  of  b  and   c. 

Thus  (a  +  b)  c  =  ac  +  be. 

This  result  is  true,  no  matter  what  the  values  of  a  and  b 
may  be. 
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Similarly  it  may  be  shown  that 

(a  +  h  +  c  +  rl+  .  .  .  .)  m 
=  am  +  bm  +  cm  +  dm  +  .  .  .  . 
Now,  every  expression  may  be  written  in  the  form 
a-\-b  +  c+  .... 
by  enclosing  each  term  in  a  bracket  and  placing  the  sign  + 
before  it. 

Thus  2x  -  Sij  +  4:x^  -  6w^ 

=  (2x)  +  (  -  3y)  +  (  +  ixz'}  +  (  -  6r^). 
And  the  product  of  this  expression  and  a  monomial,  say 
—   2x1/,  will  be  obtained  by  adding  the  products  of  each  of 
the  quantities  erjc'iosed  in  the  brackets  and   -  2xy. 
The  product  is 

-  4  x^y  +  6  xy-  -  8  x^  y^  +12  xyic-. 
Hence  the  product  of  a  multinomial  expression  and  a  mono- 
mial  may    be   obtained   by   multiplying    each    term    of    the 
multinomial  by  the  monomial. 

Exercise  14. 
Multiply  : 

I.  a  +  bhy  X.  2.  c  +  d  hy  m.  3.   2a  +  3b  by  x. 

4.  3c  +  5dhy7n.        5.  2a  +  36  by  4a-.     6.  Sc  +  odhylOm. 

7.  2a  +  36  by  -  2x.    8.  3c  +  5dhy  -  3»i.  9.  3a  -  46  by  -  2c. 
10.   2c -4c/ by -4.     11.  a  +  6bya.  12.  c  +  dhyd. 

1 3.  X-  +  a;  by  2x.  14.  2x-  -  3x  by  3x. 

15.  ar  +  2x  +  1  by  x.  16.  x- -  2x  -  2  by  3a-*. 

17.   X- +  xy  +  y"^  hy  a:.-  18.  ar^  +  xy  +  y- hy  —  xy. 

1 9.  X-  +  xy  +  y^  by  y-.  20.   2rt  +  36  -  4c  by   -  2a6c. 

21.  x^  by  X-  -  y"^.  2 1.  y-  by  .>-  -  y'-. 

23.  -  2xyz  by  a?  +  ary  +  .irs  +  xyz. 

24.  Multiply  a^  +  6-  +  c-  —  6c  -  ca  -  ab  by  a  ;  also  by  6  ;  also 
by  c.     Then  add  the  three  results. 

25.  Multiply  x^  -  xy  +  y-  by  x^ ;  also  by  +  xy  ;  also  by  y". 
Then  add  the  three  results. 
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MULTIPLICATION    OP    MULTINOMIALS. 

To  find  the  product  oi  a  +  b  and  c  +  d.     Enclosing  each 
expression  in  brackets,  we  have 

(a  +  b)  (c  +  d)  =  a  (c  +  d)  +  b  (c  +  d). 
But  a  (c  +  d)  =  ac  +  ad, 
and  b  (c  +  d)  =  be  +  bd. 
.-.  (a  +  b)  (c  +  d)  =  ac  +  ad+bc  +  bd. 
Again, 

(a  +  b  +  c)   [d  +  e+f) 
=  a  (d  +  e+f)  +b  (d  +  e+f)   +c  i^d+e+f) 
=  ad  +  ae  +  af  +  bd+be  +  bf  +  cd  +ce  +  cf. 
From  these  examples  we  conclude  that  the  product  of  two 
multinomials  may  be  found  by  taking  the  sum  of  the  products 
formed  by  multiplying  each  term   of  the  one  expression  by 
each  term  of  the  other. 
The  product  of 

2.x  +  3y  and  Sx  +  iy 
is  obtained  thus : 

(2x  +  ?,y)  (3,r+42/) 
=  2.(3  (Zx  +  ^y)  +  '6y  (3.r+  ty; 
=  (yx^  +  f'xy  +  dxy  +  1 2y^ 
=  6.>j'^+  llxy+  I2y'. 
And  the  product  of  «  -  36  and  2a  +  '^h  : 
(a -3b)  (2a  +  4b) 
=  a(2a  +  ib)-'ib(2a  +  ib) 
=  2a'^  +  4:ab-%ab-12b^ 
^2a^-2ab-12b\ 
The  work  is  commonly  arranged  thu.« 
2'+ib 

2a^  +  4a6  ....     product  of  2a  +  ib  and  a. 

-  6ab  -  1 26- .  .  ,  .  product  of  2a  +  46  and  -  36. 
2a^  -  Sa6  -  1 26» 
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Exercise  15. 

Find  the  product  of  : 

1 .   2a;  +  3y  and  x  f  2y.  2.  3a  +  h  and  2a  +  56. 

3.   2rt  +  36  and  a  +  2b.  4.   3x  +  y  and  2a;  +  by. 

5.   2m  +  3?i  and  m  +  2/t.  6.   ^p  +  q  and  2d  +  5g. 

7.   2a -6  and  a +  26  8.   3x- -  2y  and  2rr  -  3y. 

9.   2m  -  n  and  «i  +  2n.  10.   3//i  -  2n  and  3m  -  37i. 

11.  a  +  6and2a  +  5.  12.  7a;  -  4  and  3a;  +  5. 

13.  «+ 12  and  rK  +  5.  14.  a;+ 6  and  a;+ 10. 

15.  a:+4and.r+15,  16.  a-+ 3  and  a;+ 20. 

17.  a;  +  2anda;  +  30.  18.  a- +  1  and  a;  +  60. 

19.  a;  -  12  and  a;  -  5.  20.  x  -  6  and  a;  -  10. 

21.  a;  -  4  and  x  -  1 5.  22.  a;  -  3  and  a:  -  20. 

23.  a;  -  2  and  x  -  30.  24.  a;  -  1  and  x  -  60. 

25.  a;- 12  and  a;  + 5.  26.  a;+ 12  and  rt  -  5. 

27.  a;  -  4  and  a;  +  1 5.  28.  x  +  i  and  a;  -  1 5. 

29.  a;  -  6  and  x  +10.  30.  a  +  6  and  x  -  10. 

31.  a;  ^  3  and  a;  +  20.  32.  a;  +  3  and  a-  -  20. 

33.  »•  -  2  and  x  +  ."^O  34.  x  +  2  and  x  -  30. 

35.  a;  -  1  and  a;  +  bV.  36.  a;  +  1  and  x  -  60. 

37.  3a;  +  24  and  3a- +  1 .  38.  3a:  -  24  and  3a;  +  1. 

39.  3a;  +  1 2  and  3a-  -;-  2.  40.  3a-  +  1 2  and  3a;  -  2. 

41 .   3a;  +  8  and  3x  +  o.  42.   3.^•  -  8  and  3a-  +  3. 

43.   3a;  -  8  and  3a  -  3.  44.   3x  -  10  and  3a;  -  2. 

45.  x  +  y&ndx-y.  46.  a  +  6  and  o  -  6. 

47.  m  +  n  and  m  -  n.  iS.  p +  q  and  p  -  q. 

49.   2x  +  y  and  2a-  -  y.  50.   2.r  +  3y  and  2x  -  3y. 

51.  a6  +  c  and  ab  -t.  52.  pq  +  6m  and  pq  ~  6m. 

53.  a^  +  6^  and  a^  -  61  54.  a-  +  6c  and  a-  -  be. 

55.   2a^  +  36'- and  2a- -  36".  56.   hnn +pqr  and  Itnn  - pqr. 
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Exercise  16.^ 


/S9^ 


Find  the  product  of  : 

1.  '2x  +y  +  3z  and  3x. 

2.  '2.V  +y  +   3z  and  2y. 

3.  2x  +y  +   ozanddx  +   2y.  *^^'<?0 

4.  6l:  +  ca  +  ab  and  «  +  6  +  c. 

5.  .r  +  y  +  s  and  x  +  y  +  z 

6.  a  +  b   +  c  and  a  +  6  +  e. 

7.  2x  +  3y  +  42  and  2x  +  3?/  +  iz. 

8.  a;^  +  2/-  +  ;s^   -   2/2;   -   2!a;  —  rci/  and  x  +  y  f  r. 

9.  a;-  +  2/-  4-  2"  +  2/2   -   za;  +  .x'2/  and  x  -  y  -;-  z. 

10.  a;^  +  2/^  +  ^^   -   2/^  +  ^^  +  '*2/  ^^^d  x  -  y  ~  z. 

11.  2a2  -   4  +  6a  +  3«3  and  2«  +  3. 

12.  3a:   -    4a3-  +  a;'  -   6  and  2a;  -   3. 

13.  x^  +  x^  y  +  ^2/^  +  y^  and  »  -  //. 

14.  3nr  +  4  +  2m  -\-  5m^  and  m'-    -   2  -\-  m. 

15.  1    +  22  +  32^  +  42^   and  3z'  +  2z  +   1. 

An  expression  frequently  consists  of  terms  which  contain 
different  powers  of  the  same  letter. 

It  will  usually  be  found  convenient  to  arrange  all  such 
expressions  according  to  descending  or  ascending  powers  of 
that  letter.  And  in  multiplying  two  such  expressions  con- 
taining powers  of  the  same  letter,  it  is  advisable  to  arrange 
both  expressions  in  the  same  order. 

Arranging  according  to  descending  powers  of  m,  example  14 
of  the  previous  exercise  would  Vje  worked  in  the  following  way  : 
5m^  +  3m^  +  2m  +    4 

7rt"  +  in   —   2 
drrv'  +  3'm*   4-   2 ?:'/•'  -\-  'tmr 

+  5?rt*  +  3m^  +  2ni'  +  im 

-  ]0m^    -  6?/i'  -   4//i    -8 


bm''  +  8m^   -   bm^  -8 

This  arrangement  of  the  terms  makes  easy  the  placing  of 
like  teftns  irt  vertical  columns 
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Exercise  17. 

Find  the  product  of  : 

1.  2x'^  +   3x1/   -   4,y-  and  x^   -   2jry  +  y^. 

2.  y}  +  ^  +  X-  +  X  +   1  and  x"  -  xr  ^  x  -   \. 

3.  4rt-  +  96^  +  0-  -  36c  -  2ca  -  Qab  and  2h  +  ?>h  +  c. 

4.  x^  -  xij  +  y-  +  X  +  y  +   1  and  z  +  y  -   1 . 

5.  a?  +   'ifi^h   +   3a6^  +  6^  and  a?  -   2ah  +  />-'. 

6.  2x*  -   3x''  +  .r^  -   2.«  +   1  and  x^  +  2x-  +  2./;   -    1. 

7.  af*  4-  3.r-y  +  3.7;y-  +  y'  and  x'  -  Zx}y  +  3a;v/^  -  y'. 

8.  (re  +  ?/)^  (y  +  z)  and  (2  +  a;). 

9.  («  +  6),  {h  +  c)  and  (c   +  a). 

10.  (a;  +  2),  (re  +  3)  and  {x  +  4). 

11.  (x    -   2),  (r  ~   3)  and  {x  -  4). 

12.  (a;  +  2y),  (re'  +  3y)  and  {x  +  Ay). 

13.  (x  -   2y),  (x   -    3y)  and  (x  -   iy  . 

14.  x^  +  re  +   1  and  x'  -   x  +   \. 

15.  .r'  +  xy  +  y-  and  .x"   -   xy  +  y-. 

Simplify,  by  removing  brackets  and  combining  like  terms  : 

1 6.  X  (x-   +  X  +    1 )    -    (x^  +   X   +    1 ). 

17.  x^  (x-  +  xy  +  y'')   +  if  {.*;-  +   ./•//   +   ;/)    -    xy  (x-  +  xy 

+  if)- 

18.  3(2«-  -   3«  +   1)  +   4a  («  -   2)  +  2a^  +   9«  -   3. 

19.  (3a  +  b)  (2a  +  3h)  +  {a  +   26)  (2a  -   56  )  +  7(a"^  +  6-). 

20.  2  [2a  ~  3  {a  -  2  («  +  7)  -  1 }  +  ll 

21 .  (a  +  6){  2a  -  (a  -  6)  -  6  }  -  a  (a  +  6). 

22.  a[a  +  a{a-(a  +  2)   -  2  }  +  2]. 

23.  3  (a  +  26  -1-  3c)  -  4  (2a  +  36  +  c)  +  2  (3a  +  6  +  2c). 

24.  2  {  3  (a  -  6)  x  +  4  (6  -  c)  y  }  -  {  2  (a  +  6)r-  3  (6  -l-  c)  y }  . 

25.  4   {(a_6)(.r  +  y)-(a  +  6)  (a--2/)[    -  2  {(«  +  6K.r  4- v) - 

(a-6)(.r^.V)}, 


ELEMENTARY   ALGEBRA.  79 

When  a  factor  is  commou  to  all  the  terms  within  a  pair  of 
brackets,   that  factor  can  be   removed  from   each   term  and 
placed  outside  the  brackets. 
Thus  : 

{a,x  +  hx)  =  (a  +  6).r, 
and  \m^n   -   6?»n'-  +   ?>mn  =  (im    -   G)>   +  3)  mn. 

Exercise  18. 
Place  in  brackets  the  terms  which  contain  like  powers  of  x, 
and  then  remove  that  power  of  x  outside  of  the  brackets  : 

1.  Amx"^   +   07i:r. 

2.  2ax  +  obx  +  ex. 

3.  ax  +  ox  +  cx^  +  dx^. 

4.  2x  +  Sx-  +  box  +  '^■mx-. 

5.  mxr  +  Amiix  +  n:i^  +  pqr. 

6.  2a;   +   CM'"   +   dx  +  ex'   +  Jx^   +    4.r-, 

7.  a'bx  +  arbx-  +  crar'  +  crb-x  +  ab^ar. 

8.  3a;  -  (3a;-  +  ax)  +  (baf  —  ex")  —  ex"^, 

9.  ax^  -  (bx  +  cxr')  —  (ax  +  bx-)  +  (a.'*-''  -  caj). 
1 0.   3.T  -  a  ( 2a-  +  3a;3)  +  6  (a^  -  x). 


Use  brackets  to  indicate  : 

1 1.  The  product  of  x  +  y  and  z. 

12.  The  product  of  x-\- tj  and  «  +  //. 

13.  That  the  product  of  a-\-b  and  r  +  f/  is  to  be  added  to  x. 

14.  That  the  product  of  m  -  n  and  /h  +  m  is  to  be  subtracted 
from  m-. 

15.  The  third  power  of  the  sum  of  a  and  h. 

16.  That  the  product  of  the  sum  and  difference  of  a  and  b  is 
equal  to  the  difference  of  their  squares. 
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DIVISION. 
DIVISIONOK  A  MONOMIAL    BY    A    MONOMIAL. 

We  formed  the  product  of  one  monomial  by  another  by 
multiplying  their  numerical  coefficients,  and  writing  after  this 
product  the  literal  factors.  Hence  it  is  evident  that  to  divide 
one  monomial  1)y  another  we  must  divide  the  numerical 
coefficient  of  the  dividend  by  the  numerical  coefficient  of  the 
divisor,  and  write  after  this  the  literal  factors  of  the  dividend 
which  remain  after  removing  the  literal  factors  of  the  divisor. 

To  divide  -  20ah  by  +  5&. 
Divide  -  20  by  +  5,  and  we  obtain  -  4. 
Remove  h  from  ah,  and  we  obtain  a. 
Hence  the  quotient  i^  -  4  a. 

To  divide  -  iviabc  by  -  4ac. 

-  16  divided  by  -  4  by  gives  +  4, 
and  ac  removed  from  abc  gives  b. 
Hence  the  quotient  is  +  46. 

To  divide  a^  by  d^. 
Since  a^  =  aaaaa, 
and  a^  =  aaa, 
•.  the  quotient  obtained  by  dividing  a^  by  a' 

=  aa  =  a'-. 

From  this  we  see  that  if  one  power  of  a  letter  be  divided  by 
another  power  of  the  same  letter,  the  index  of  the  quotient  is 
obtained  by  subtracting  the  index  of  the  divisor  from  the  index 
of  the  dividend. 

To  divide  -  20a^  x^yhy+  bar  x. 

—  20  divided  by  +  o  gives  -  4, 
and  a'  x'^  y  divided  by  a"  x  gives  axy 
Hence  the  quotient  is   -   \^axcy 
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Exercise  19 
Divide  . 

1.  ab  hj  a.  2.  ab  by  b.  3.  ab  by  ab. 

4.  Sal)  by  a.  5.    +  iab  by  b.  6.    -  5a6  by  ab. 

7.  a^hy  a^.  8.  x^  y*  by  ar  y-.       9.  a;''  y^  z*  by  a-yz^. 

10.    -14a«by   -   2al  11.   20.x-^  /  by  -   5x"  f. 

12.    -40x^2"  by  -4.ry2l   13.    -  ia^b'^cd^  by  ~2a%cd^ 
14.    -  ./ryz'^  by  x-z^.  15.   S;^"'^"?' by    -  4/J5'*r. 

16.   72  a-6V  by  —9ab^c.  17.  abcpq  hy  —  apq. 

18.    -a^6V'o?^by  -abed.        19.   72,cy' by  -  a!y\ 
20.    -  45a^iVs»  by  -  ^x^Yz\ 

DIVISION    OF    A    MULTINOMIAL    BY    A    MONOMIAL. 

We  found  the  product  of  a  multinomial  and  a  monomial  by 
multiplying  each  term  of  the  multinomial  by  the  monomial. 
Hence  it  is  evident  that  we  can  find  the  quotient  of  a  multi- 
nomial by  a  monomial  by  dividing  each  term  of  the  dividend 
by  the  divisor. 

To  divide  2«5   -   Ga'^c  by  -   2a. 

+   2ab  divided  by  —   2a  gives  -  b, 
and    —  6a"'c  divided  by  -   2a  gives  +  Sac ; 
.'.  the  quotient  is  -  ft  +  3ac. 

Exercise  20. 
Divide  : 

1.   ax  +  bx  +  ex  by  x.  2,  ax^  +  bx^  +  cx^  by  x^. 

3.   2ax  +  ?>bx  +  4cx  by  x.    4.  ax^  +  2bof?  +   Scx^  by  x^. 

5.  -   3aa;  -f-  bbx  -   46ca;  by   -   x. 

6.  —  4aa;^  +   86a^  -   6c.r^  by  —   2.x-. 

7.  —   \Oabxy  +  ho^bx  -    loab'x^y'^  by   -   5aa;. 

8.  -   8a3a;y  +   12aVy   -    10«V/by   -   2ax''y''. 

9.  -   5aftc   -   \Oabd  -   156c^  by  -   56. 

iO.   l^aWcd    -  ia^bhH  -  8abcW  +  4abcd  hy  iabcd. 
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DIVnSION    OF    A    MULTIXOMIAL    BY    A    Mn.TIXOMIAL. 

We  found  the  product  of  two  niultiuuuiials  by  multiplying 
each  tfi  111  of  the  one  by  each  term  of  the  otluM-  and  taking  the 
sum  of  the  partial  products.  Hence  it  is  evitient  that  in 
finding  the  quotient  of  one  multinomial  Vjy  another,  for  every 
term  of  the  quotient  found  we  must  remove  fnjm  the  dividend 
the  product  of  that  term  and  each  term  of  the  divisor. 

Thus,  to  divide  a;^  +  7a;  +  1 2  by  a;  +  3. 

It  is  evident  that  x  is  one  term  of  the  quotient 

Hence  we  must  subtract  x^  +  3a;  from  o'?  -\-  Ix  -\-  12  :  this 
leaves  4a;  +12. 

The  next  term  of  the  quotient  is  +  4. 
The  product  of  a;  +  3  and  +  4  is  4a;  +  12, 
.".  the  quotient  is  x  +  4. 
The  work  is  conveniently  arranged  thus  : 

a;  +  3).'>;-  +  7a-+12(.r  +  4 

.T-  +  ^X 

4.a;+12 
4.7;+ 12 


A  term  of  the  quotient  may  easily  be  found  if  the  terms  of 
both  the  divisor  and  the  dividend  are  arranged  in  descending 
or  ascending  powers  of  some  common  letter.  Then  the  first 
term  of  the  dividend  divided  by  the  first  term  of  the  divisor 
will  give  a  term  of  the  quotient. 

Hence  it  is  that  to  divide  one  multinomial  by  another  we 
usually  proceed  thus  : 

1.  Arrange  divisor  and  dividend  in  descending  or  ascending 

powers  of  some  common  letter,  and  keep  the  remainder 
after  each  .subtraction  in  this  same  order. 

2.  The  first  term  of  the  dividend  divided  by  the  first  term 

of  the  divisor  will  give  a  term  of  the  quotient. 
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3.  Multiply  each   term  of  the  divisor  by  this  term  of  the 

quotient,  and  subtract  the  product  from  the  dividend 

4.  Repeat  these  operations,  taking  the  remainder  as  a  new 

dividend,  until  there  is  no  remainder,  or  one  in  which 
the   highest  power  of  the  common  letter  is  lower  than 
that  in  the  divisor. 
To  divide  ic*  -  4a;^y  +  6a;^y^  -  ^xif^  +  y*  by  a;-  -  2xy  +  y^. 
x^  —  2xy  +  y'^)x  *  —  4a;^2/  +  603^  -  \xif  +  y*  (.f^  -  2xy  +  y"^ 
x^  -  2x^2/  +  aj^y^ 

—  Ix^y  +  hx-y-  -  \xy^ 

—  2ar*2/  +  4x^2/^  -  Ixy"^ 

x^y"^  —  ^xy'  +  2/* 
03^2/-  —  Ixy^  +  y* 

The  quotient  is     x'  —  Ixy    +  if-. 

It  will  be  noticed  that  the  term  +2/*  was  not  brought  down 
with  the  remainder  after  the  first  subtraction,  as  there  was  no 
like  term  in  the  expression  to  be  subtracted. 

Exercise  21. 
Divide  : 

1.  a;2  +  3.r  +  2  by  a-+l.  2.  a^+ 4a;  + 4  by  a;  + 2. 

3.  x^  +  5x  +  6  by  .T  +  2.  4.  a?  +  5a  4-  4  by  a  +  4. 

5.  x^  +  Ix  +  10  by  .r  +  5.  6.  xr  +  7a-  +  6  by  x  +  1 . 

7.  a^  -  3a  +  2  by  a  -  1 .  8.  ar  -  5a-  -  1 4  by  a.-  +  2. 

9.  a-  -  7a  +  12  by  a  -  3.        10.  a:^  -  7a;  -  18  by  x  -  9. 
11.  m-  -  m  -  2  by  m  +  1 .         12.  c=  -  3c-  -  18  b/  c  +  3. 
1 3.  X-  +  Ixy  +  2/"  by  x-^  y.       1 4.  xr  +  ?,xy  +  22/-  by  a-  +  22/. 
1 5.  a--  +  f)xy  +  62/-  by  x-\-?,y.  16.  a;^  -  5a;2/  -  1  iy-  by  a;  -  ly. 
17.  a^- lla6- 12i2bya  +  i.  18.  m"  -  12»m  +  35w2bym  -  5/4. 

19.  Zy?y  +  8.X2/  +  4y  by  xy  +  22/. 

20.  X?  +  ax  +  hx  +  ah  by  a;  +  a. 

21.  ar^  +  5x*y  +  IQx^y-  +  lOa^y^  +  fixy*  +  y'  by  a--  +  2x2/  +  V^- 
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22.  m«  +  2m5  -  4m*  -  27n^  +I2m?-  2m  -  1  by  ?/*2  +  2ni-l. 

23.  .->;*  -  2,r''  -  7.r2  +  8.r  +  1 2  by  ^r^  -  x  -  6. 

24.  4/  -  16?/  +16^-1  by  2/  -  i>r  -  1 

25.  x*  +  x-y"^  +  y*  by  x-  +  xi/  +  >/'. 

2G.   2.7:y  -  3,-ry  -  9a2,y2  +  9,7,7/  -  2  Ijy  2.e-y'  +  3.«y  -  2. 

27.  2.xy  +  Ir'y'^'z  +  ?>x?y-z'  -  \lxyz"  -   \^^z^  by  .Try-  +  ^xyz 

+  Sz"-'. 

28.  2  +  Ix  -  8./r  -  1 6.r"  +  .r<  +  W  by  1  +  3a,-  -  Tjx'  -  4x''. 

29.  2a''  -  :Jo/'6o  +  5a*A-6--  -  .oa'V/V'  +  .5a-6*r*  -  3«6"c-^  +  26V-  by 

2a'-'  -  «6c  +  26'c-. 

30.  7>i''  -  m*  -  1 1  ??*■'  +  47/i"^  +  4  »i  +  3  Ijy  ?h"  -  3;h"''  -  2m  -  1 . 

31 .  X-  +  y^  +  2xy  +  2x  +  23/  +  1  l)y  .x-  +  y  +  1 . 

32.  «■-  +  62  _  2a6  +  2a  -  26  +  1  by  «  -  6  +  1. 

33.  d-  -  ^'7;  -  26-  -  36c  -  c-  by  a  -  26  -  c. 

34.  2.f-  +  5a-?/  -  3?/-  -  3,1;  -  9y  by  2.r  -  y  -  3. 

35.  /•■'  +  er-'m  +  1 2^»i-  +  8«i^  by  r-'  +  \lm  +  47Hf 

36.  .r'-  4-  ?/^  +  «^  +  2?/;:;  -  2«,*;  —  2xy  hy  x  -  y  -  z. 

misckixaneous  examples. 
Exercise  22. 

1.  Add  +10,    -7,   -6,   -13  and  +9. 

2.  Multiply  the  sum  of  -  10  and  4-6,  by  the  sum  of   -  6 

and  +10,  and  subtract   -  30  from  the  product. 

3.  Subtract  the  sum  of  a  -  26  -  c  and  2fi  +  6  -  2'-  from  the 

■  sum  of  6  +  2o  -  a  and  c  -  a  -  26. 

4.  When  x  =  -  3  and  y  —  +  2,  find  the  value  of  .r-  +  2xy  +  y*. 

5.  Multiply  .'»•''  +  .7--'  +  x*  +  .r*  +  x-  +  x  +  1  by  x-  -  2x  +  I . 


6.  Add  2a  +  36  +  4c,    -  3a  +  6  -  .5c,  2a  -  26  +  2c. 

7.  INIultiply  the  sum  of  «'-'  +  a6  +  6-  and  d-  -  ab  +  h"  by  a  +  6  ; 

then  multiply  the  result  by  a  -  6. 

8.  Divide  x^  +  4.»--  +  1 6  by  x"  +  2a;  +  4. 

9.  Simplify  16  -  [5  -  {3-  1  -  (2  -  4)  -  6}  -  8]. 

10.  Find  the  value  of  (3a-  +  2yf  +  (2a;  +  Zyf  vhen  x  =  -  y. 
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11.  Find  the  expression  which,  added  to  2.x--  3r-  4,  gives 

the  sum  -  6  -  4.-r;  -  x?. 

1 2.  Multiply  [x  -{2x-  3y)  +  i>/)  by  x  +  y. 

13.  Divide  1  -  ^^  by  1  -  x. 

14.  Find  the  value  of 

a?  (b  -  c)  +  P  (c  -  o)  4-  c^  (g  -  /)) 

{a  -h){b  -c)(c~  a) 
when  a  -1,  6  =  2,  c  =  3. 
1.5.   If  ax  +  bi/=  -10,  when  a=  +2,  6=  -2,   and  x=:+3, 
lind  the  value  of  //. 


16.  Subtract  {a  +  b)  (c-  d)  from  (a  -  6)  (c  +  c?). 

17.  Find  the  product  of  x-  2i/,  x-y,  x  +  y  and  x  +  '2y. 

18.  Simplify  a  [l  -  2{  2  -  3  ( 1  -  46)}]. 

19.  Divide  jp  -  5xy*  +  iy'  by  or  -  2xy  +  y-. 

20.  If  — ^   =  -  60,  when  a  =  4  and  6  =  -  2,  lind  the  value 

a  +  l>  ' 

of  c. 


21 .  Divide  ./-^  +  5.i-*y  +  lO.ry  +  lO.xV"  +  oxy-  +  y'  by  .-»•"  +  2xy 

+  ?/■• 

22.  Multiply    2«  -  .36  -  3   {a   ^  6)  +  4   {2a-{a-b)]   by 

a-6{2-(4-6;}. 

23.  Find  the  value  of  the  product  of  x--\-xy  +  y-  and  x}  -  xy 

-\-  y'-j  when  x=  -  1,  and  y  ^  -"-  2. 

24.  Find  the  value  of  ~  -;    —  +  —    when  a  =  +  2,   6  =  -  2 

^         r  « 

c=+l. 
2=i.  If  a6  =  24,  and  6c  =  36   and  abc  =  144,  find  the  values  of 
a,  6  and  c. 
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CHAPTER  V. 

IMPORTANT    RESULTS    IN    MULTIPLICATION    AND    DIVISION. 
FACTORS    AND    MULTIPLEli. 


To  find  the  square  of  a  binomial : 

(1)  (2) 

a  +  b 
a  +  b 


a  - 

-b 

a  - 

-b 

a' 

-  ab 

-ab 

+  ¥ 

a^  +  ab 

+  ah  +  b^ 
a'  +  2ab  +  b\  a'  -  2ab  +  b-. 

From  the  first  example  we  see  that  the  square  of  the  sum 
of  two  numbers  is  equal  to  the  sum  of  the  squares  of  the  num- 
bers, increased  by  twice  their  product. 

From  the  second  example  we  see  that  the  square  of  the 
difference  of  two  numbers  is  equal  to  the  sum  of  the  squares  of 
the  numbers,  diminished  by  twice  their  product. 

Or,  remembering  that  the  sign  forms  a  part  of  the  term,  we 
may  say  in  each  case,  that  the  square  of  a  binomial  is  equal 
the  sum  of  the  square  of  each  term,  and  twice  the  product  of 
the  terms. 

Exercise  23. 

Find,  without  ordinary  multiplication,  the  square  of  each  of 
the  following  binomials  : 
1.  x  +  y. 

3.  m  +  n.  4 

5.   2y4-32.  6. 

7.  x-y.  S. 

9.  m-n.  10. 


.'/+        T 

•J.x-\-y. 

3m  4-  4n. 

y-  2- 

Ix-y. 
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11.  ly-Zz  12.  Svi-in. 

13.  2p  +  q.  14.  ah  +  c. 

16.  ab  +  'Zc.  16.  7al;  +  ',y. 

17.  2xy  +  5.  18.  •3?j;ri,  -  4a. 
19.  x  +  l  20.  .r  +  |. 

21.  2x  +  |.  22.  2.r-^. 

23.  2a  +  ffe.  24.  Sj/;  i  4.. 

25.  4.ri/  +  4-  2^-  "■'*^-i 

27.  2a- -1.  28.  2-^- 

29.  20  +  3.  30.  30  +  2. 

31.  60  +  1.  32.  100+3. 

33.  102.  34.  105. 

35.  100|.  36.  99|. 

37.  1003.  38.  2000|. 


39.  What  term  must  be  added  to  x^  +  y-  to  form  the  sqau-re 
o{  x-hyl 

40.  What  term  must  be  added  to  x'^  +  y-  to  form  the  square 
oix  —  yl 

41.  What   term   must    be   added   to   x'^  +  2xy   to    form    the 
square  of  x  +  y'i 

42.  What  term    must    be  added    to   x"^  +  i.ry  to  form  the 
square  of  x  +  2y  ? 

43.  Form  a  complete  .'-qua re  i  y  adding  a  term  to  x"  —  lOic. 

44.  Porm  a  complete  square  Ly  adding  a  term  to  4a;^+  12a:'. 


Exercise  24. 
Express  each  of  the  following  as  the  square  of  a  binomial  ; 
1 .  ar^  +  2xy  +  y-.  2.   xr  -  2xy  +  y". 

3.  a"  +  2ab  +  h\  4.  c-  -  2cd  +  cP. 

5.  »;*  +  4xy  +  iy-.  6.  x^  -  ixy  +  ip^' 
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7.  4x^  +  ix+l.  8.   a'  +  iab  +  U^. 

9.  a-  +  2abc  +  b^'c^.  1 0.   9jr  -12pq  +  iq\ 

11.   16y^-8y+l.  12.  x-  +  x+i. 
1  q     a?^  4m-     im 

i'i.  —+X+1.  14.       -g-+-g-+l. 

9x-  16 

15.  iaW-4abc+f.  16.    ttt  -  2  +  ,r-,' 

lb  yar 

17.    -2+  2  +'^.-  18.   16-8a:  +  r2. 

19.   25a^-2a  +  ^\.  20.  (rt  +  6)2+ 2(«  +  6)  c  +  c^ 


^  O  \         ■ 

21.  (x  +  y)^  +  2(a:  +  y)2  +  5r-. 

22.  (a  +  by+2  {a  +  b}{c  +  c/)  +  (c  +  df. 


Exercise  25. 

Make  a  square  by  adding  a  term  to  each  of  the  following, 
and  state  the  expression  of  which  each  is  then  the  square. 


1. 

m"  +  2mn. 

2. 

j9^  +  2pq. 

1 

4x^  +  4xy. 

4. 

ia'^  +  Oiii. 

5. 

p'  +  Sp. 

6. 

4x-  +  12a:. 

7. 

nt^'~  2in/t. 

8. 

f  -  2pii. 

9. 

4x^  -  Axy. 

10. 

m^  -  6m. 

11. 

ir  -  8p. 

12. 

4x-^-12.r. 

13. 

x'-lGx. 

14. 

y'+2y: 

15. 

z"  -  42. 

16. 

x^  +  Zx. 

17. 

f  -  5y- 

18. 

4«2  +  52. 

19. 

.ry  +  4.'CT/. 

20. 

\aW  +  %ab. 

21. 

;>2(?2  _  f^pq 

22. 

1 6a;^2/-  -  2xy. 

23. 

\^.x. 

24. 

25. 

rri^  +  n^. 

26. 

f  +  q^. 

27. 

1  +  a-'. 

28. 

1  -2a. 

29. 

9  +  67/t. 

30. 

64o'''+16a. 

31. 

4:irm  +  1 . 

32. 

^iiC^n  +  nvn-. 

33. 

x'  -\-ax. 

34. 

x^  +  bx. 

35. 

x^  +  2cx. 

36. 

^x^  +  ax. 

37. 

ix^  +  bx. 

38. 

4.X-2+1. 

39. 

\  +  x. 

40. 

\  +  ir". 

41 

.    -  2  +  X-. 

42, 

z  +  \. 
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To  find  the  product  of  the  sum  and  difference  of  two 

numbers. 

a  +  I)       sum  of  a  and  b. 

a  -  h        difference  of  a  and  b. 

a?  +  ab 
—  ab  -  b- 

ar  -  b" difference  of  squares  of  a  and  b. 

From  the  above  example  we  see  that  the  product  of  the 
sum  and  difference  of  two  numbers  is  equal  to  the  difference 
of  the  squares  of  the  numbers. 

EXEKCISE    26. 
Write  the  product  of  : 

1 .  x  +  y  and  v.  —  y.  2.   in  +  n  and  m  -  n. 

3.  ^  +  c  and  b  -  c.  4.   i  +  2c  and  b  -  '2c. 

5.   2ni  + 11  and  2?//  -  n.  6.   2tn  +  Sw  and  2m  -  3n. 

7.  x  +  1  and  X  -  7.  8.  a;  +  4  and  a;  -  4. 

9.  x+\  and  X  -  1 .  1 0.    1  +  x-  and  1  -  x. 

11.    1  +  2a:  and  1  -  2x.  1 2.  3  -  2x  and  3  +  '2x. 

1 3.   lab  +  c  and  2ai  -  c.  1 4.  «6  +  2c  and  «6  -  2c. 

15.   Ahta  +  5/>  and  4/ir/i  -  5/>.     !  6.   2ab  +  ^  and  2ab  -  ^. 
17.  a^  +  52  and  «-  -  6-.  1 8.    2a-  -  he  and  2^2  +  be. 

19.  (a  +  6)  +  c  and  (a  +  '')  -  0.  20.  «  +  ^  +  c  and  a  -f  6  -  c. 

21.  (2«  +  6)  +  2c  and  1 2a  +  b)  -  2c. 

22.  2«  +  36  +  2c  and  2«  +  36  -  2c. 

23.  Z  +  m  + /J.  and  /  - //i  +   ' 
2il:.   2a  -  6  +  3c  and  2a  +  b  +  3c. 
2D.  a-  b  +  c  and  a  +  b  -  r, 

26.  2a -b  +  3c  and  2a  +  6  -  3c. 

27.  «-  +  x-  +  1  and  a:^  -  .t  +  1 

28.  a^x-  +  ax  +  1  and  a'^x^  -  ax+l. 

29.  3(^  +  xy  +  y'^  and  a;-  -  a;?/  +  y'- 

30-  (1  +  «  +  ac^),  ( 1  -  .T  +  a;2)  and  (1  -  a-"  +  ai^). 


90  ELEMENTARY   ALGEBRA. 

Conversely,  we  can  always  find  the  two  factors  which  give 
a  product  of  the  form  a?  -  IP'.  That  is,  if  an  expression  can  be 
written  as  the  diflference  of  the  squares  of  two  numbers,  the 
expression  is  the  product  of  the  sum  and  difference  of  those 
two  numbers. 

Thus,  x'  -y"  =  (a;  +  y)  {x-y); 

and  a^y?  -  }py^  =  {ax)^  -  {hyf 

=  {ax  +  by)  {ax  -  by). 
Also  a*  +  2a.6  +  i^  -  c^  ==  (a  +  6)--c^ 

=  {a  +  b  +  c){a  +  b  -c). 
And     a'  -  //  =   {a-  +  b"")  {a"  -  ¥) 

=  {a''  +  b''){a  +  b){a-b). 

Exercise  27. 
Find  the  factors  of  : 

1.  c'-d\  2.   m^-n"  3.  q'^r'. 

4.  a'^x'^  —  y'.  5.  x^  -  y'^z^.  6.  a^y"^  —  z^v^, 

7.   4m2-w".  8.   9p2-49-.  9.   \%x'-^y\ 

10.   4-a:2.  11.   9-4v'-  12.    1  -^. 

^  4 

13.  4:a^¥-xY.  14.  a;* -9.  15.    16 -y«. 

16.   49a26V^(t.  17.  a'b'c' -  d\  18.   1  -  lea^JV. 

19.  25-l6/>Y/\  20.  l-25;/V'.  21.  81a^-256*. 

22.  a«-256l  23.  a^-//.  24.  a*-b\ 

25.   16 -a*.  26.   625.T*  -  ;;,•*.  27.   -^-a^y\ 

28.  iV-256.  29.  .r«-y^-.  30.  a«6«-c«. 

31.  272-23^  32.  1032-97^.  33.  220'^ -25. 

34.  {a  +  bf-c-.  35.  a'  +  2aA  +  62-c2. 

36.  ia""  +  iab  +  b- -  c\  37.  a- -  4a6  +  4*^  _  4e=. 

38.  a*-(6  4-c)-.  o9.  a"-b--2Bc-c\ 

40.  a^-b-  +  2br  ~(  .  4l.  9.r=  -  1 2a.-y  +  4^*  -  25**. 

42.  {x  +  yf-{..-y^'.  43.  (a  +  6f-(c  +  rf)». 
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44.  a^  -  -lab  +  6^  -  c'  -  2cd  -  d\ 

45.  a^  -  ioh  +  4  6^  -  4c"  +  icd  -  dh 

46.  9  -  4ar  +  4j'y  -  y^. 

47.  a"  ~  ¥  ^- c- ~  d""  - '2ac  -  -Ihd. 

48.  4a-  -  96"  +  c-  -  25^^  ^  4^^  ^  305^^ 

49.  {x^-\-yy~x'y\ 

50.  a;*  +  3:2y2  +  y.  51.  a;*  +  ./-  + 


To  find  the  product  of  two  binomials  which  have  a  com- 
mon term. 

Consider  the  following  products  : 

X  +5 
X  +7 
a;-  +  bx 
+  7x  +  35 


X- 

+  12X-  +  35. 

X 

-5 

X 

+  7 

if' 

-  ox 

+  7.x-  -  35 

X 

-  0 

X 

-7 

■£ 

-  5a; 

-7a;  + 

35 

a;2 

-12a^ 

+  35. 

a; 

+  5 

0: 

-  7 

X' 

+  5x 

-  ix  - 

3!> 

X- 

-2x- 

35. 

.-f-  +  2a;  -  35. 
We  see  that  the  pi-oduct  consists  of  three  terms : 

(1)  The  square  of  the  common  term. 

(2)  The  product  of  the   common  term  and  the  sum  of 

the  unlike  terms 

(3)  The  product  of  the  unlike  terms. 


Exercise  28. 
Find,  without  ordinary  multiplication,  the  product  of : 
1 .  x+2  and  x  +  3.  2.  x-  +  3  and  a:  +  5. 

3.   X  +  7  and  a;  +  1 1.  4.   a;  -  2  and  x  -  3. 

5.  a; -3  and  a; -5.  6.  a;- 7  and  a;  -  11. 

G 
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7.  a+2and.r-3.  8.  a +3  and  a; -5. 

9.  x  +  7  and  a-  -  1 1 .  1 0.  a;  -  2  and  x  +  3. 

11.  a; -3  and  a: +  5.  12.  a;  -  7  and  a,-+ 1 1. 

1 3.  on  +  9  and  m-7.  1 4.  o?  +  9  and  d  -7. 

15.  2/ +  9  and  2/ -7.  16.  mn +  9  and  mn -7. 

17.  c?e  -  9  and  de  +  7.  18.  3/2;  +  9  and  2/2  -  7. 

19.  2a;  +  3  and  2a;  -  5.  20.  3?/ +  11  and  Sy  -  7. 

21.   32-6  and  Sz  -  8.  22.   4?nri  -  6  and  imn  +  1 2. 

23.   Sabc  +  7  and  Sahc  -  9.  24.   4a;V  +  13  and  4jrt/  -  5. 

25.   3r%  +  7  and  Sa^i/  +  i  7.     26.  x  +  S  and  a:  +  3. 

27.  m  +  llandm  +  11.  28.   2ic  +  5  and  2a;  +  5. 

29.   2m  +  7  and  2»i  +  7. 

When  the  unlike  terms  are  not  definite  numbers,  their  sum 
may  be  indicated  and  used  as  one  quantity  by  placing  in 
brackets. 


Thuh 


x  +  a 
x  +  b 
X-  +  ax 
+  bx  +  ab 


x^  +  {a  +  ^'j  X -!■  r<o 

X  -i-  f 
a; -6 


X- 

-  a 

X- 

-b 

or 

—  ax 

-  bx 

+  ab 

x^ 

+  (- 

a  -b)  JL 

•  +  ab 

X- 

-(a  +  b)  x  + 

ab 

X  - 

-  a 

x  +  b 

u? 

-ax 

+  bx 

-ab 

x~  +  ax 

-bx  —  ab 

X? -\- (a  -  h)  x  -  ab  3r-\-(-a  +  b)x-ab 

or,  .T-  -  (a  -  b)  x  -  ab 

Exercise  29. 
Write  the  product  of  : 
1 .  x  +  a  and  x  +  2a.  2.  x  +  3b  and  x  +  46. 

3.  X  +  2a  and  x  -  4a.  4.  a;  -  36  and  x  +  46. 

5.  2a;  +  a  and  2a;  +  3a.  6.  3x  -  46  and  3a;  +  76. 
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7.   4????!  +p  and  iinn  -  2p.      8.   ahr  -  2,v  and  abc  +  5a'. 
9.  X  +  2y  and  x  -  by.  ]  0    3.r  +  2y  and  3.x-  —  5y. 

11.   2ar  -  9a  and  2ur  -  7a.       12.   3a^  +  1 06  and  3a^  -  1 06. 

13.  lOhnn  +  5x  and  lOlmn  —  9x. 

1 4.  jcy  +  2  and  a;i/  +  uj. 

15.  (a +  6) +  2  and  (a +  6) +  3. 

16.  (ni  +  n)  +  5  and  (m  +  n)  -  6. 

17.  (2m  +  7i)  +  10  and  (2m  +  n)  -lb. 

18.  a  +  b  +  3  and  a  +  ?/  +  4. 

19.  m  +  ?i  +  10  and  m  +  n  -  7. 

20.  -x  +  7  and  -  x  -  9. 

21.  —  4:7nn  +11  and  —  4?n?i  —  5. 

22.  -a  +  6  +  3  and  -a  +  i-10. 

23.  x  +  2y  +  Sz  and  a:  +  2y  -  8«. 

24.  2x-\-2z  -  3y  and  2x  -  5z  -  3y. 

25.  2»m  +  4  +  3p  and  2ot?i  -  7  +  3/j. 

Conversely,  we  can  find  the  two  factors  which  give  a  pro- 
duct of  the  form  x-  +  9x  +14,  if  we  can  find  two  terms  which 
(1)  added  together  give  the  co-efficient  of  x,  (2)  multiplied  to- 
gether give  the  third  term. 

Thus,  to  find  the  factor  of  a^^  +  9a;  -h  14,  we  must  find  two 
numbers  which,  added  together,  give  +  9,  and  multiplied  to- 
gether give  +14. 

By  trial,  we  find  the  numbers  to  be  +2  and  +  7. 

Hence,  a;2  +  92;+l4  =  (a;  +  2)(x  +  7). 

Again,  to  find  the  factors  of  a:^-  92;-  22,  we  must  find  two 
numbers  whose  sum  is  -  9,  and  whose  product  is  -  22. 

Since  the  product  is  a  negative  number,  the  required  num- 
bers have  different  signs. 

And  since  their  sum  is  -  9,  the  absolute  value  of  the  nega- 
tive one  is  greater  than  that  of  the  other  by  9. 

Hence  the  numbers  are  —  11  and  +  2. 

Therefore,  a,-^  -  9a;  -  22  =  (x  -  11)  (a;  +  2). 
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To  find  the  factors  of  '.i?  —  hax  —  "•)%<%'. 

The  sum  of  the  two  unlike  terms  is   -  5n, 

and  tlieir  product  is   -  36a-. 
Hence  the  two  terms  are  -  9a  an  I  +  4a. 
.•.  vr  -  oar  -  3Ga"  =  (x  -  9a)  (;/;  -|-  4«). 
When  simple  factors  of  an  expression  of  the  foim  ^r  +  Sx  + 
12  can  be  found,  M'e  may  always  proceed  as  in  the  following 
examples,  where  we  write  the  expression  to  be  factored  as  the 
difference  of  two  .S(|uares. 
x'  +  8x  +12 

=  {x  +  if--2- 

^(x  +  i  +  2){x  +  4-2) 

=  {x  +  Q){x  +  2). 

X'  —  l~x  —  60 

=  X-  -  1 7a:  +  (V-f  -  60  -  (-'.^' )- 

=  (^-¥)^-% 

=  (a;  +  3)(a;-20). 

Exercise  30. 
Find  factors  of  : 

1.   re- +  4a; +  3.  2.  a;-  +  6a;  +  5. 

3.  a;-+10x+16.  4.  ar'+T.r +12. 

f).  a:-  +  8x+15.  6.  a;-  +  6x  +  8. 

7.  2/- +102/ +  21.  8.  y-  +  8y  +  7. 

9.  2/"^ +  122/ +  20.  10.  2/2 +142/ +  24. 

11.  y--Q'i/  +  8.  12.  y--42/  +  3. 

13.  «r-8m+16.  14.  m- -  10a-  + 24. 

15.  m-  -  10»i  +  21.  16.   m-  -  10ni+  16. 

17.  m^- 10m +3.  18.   m^-lOm  +  9. 

19.  a2-14a  +  24.  1  a-- 10a +  24. 

^1.  a*  +  14a +  24.  22.  a-+i0a  +  24. 
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23.   ?nW  +  6mw  +  8.  24.   p^q^  -  \pq  + 'i. 

25.   ahn-  -  Sam  +  1 2.  26.   arm"  +  12rtm  +  11. 

27.  x^V- 20x^/2  +  51.  28.  a-6- -  20«6  +  19. 

29.  a-  +  ia-l2.  30.  6--4/>-12. 

31.  m=-2m-63.  32.  m''  +  2m-63. 

33.  a;2-4r-21.  34.  x''  +  ix-21. 

35.  2/'  +  6y-27.  36.  if-(>y-21. 

37.  aH4a-32.  38.  6^  _  86  -  9. 

39.  x2-5x  +  6.  40.  x'  +  bx-U. 

41.  62-76+10.  42.  y"  +  9y-22. 

43.  arx"  +  3rta;  -  70.  44.  arx'  —  9aic  —  70. 

45.  a2  +  3a6  +  26-.  46.  x"  +  hx7j+^y". 

47.  c-  -  1 5c(i  -  1 6(/-.  48.  .  n"  +  inp  +  4/?^. 

49.  .r--17xi/-602/'  50.  a;^+ 17a;y- 60?/^ 

51.  4.x2+12a;+.5.  52.  9x2  +  36x  +  35. 

53.  {a  +  6)-  +  8(a  +  6)  +  12.  54.  (m  +  n)2+ 11  (m  ^  n)  -  12. 

55.  {a  +  6)-  -  5  (a  +  6)  c  -  1 4o-'. 

56.  (a  +  6)2  -  5c  («  +  6)  +  6c-. 

To  find  the  square  of  a  trinomial. 

Consider  the  expression  a  +  6  +  c.  We  can  put  it  in  the 
form  of  a  binomial  expression,  if  we  place  two  of  the  terms 
within  a  pair  of  brackets,  Hence  we  can  find  its  square 
thus  : 

{a  +  6  +  c}-  =    {(a  +  6)  +  c}" 

...  /«  +  6)2+2  («  +  6)c  +  c^ 
«.  a"-  +  lah  +  h-  +  2ac  +  26c  +  c" 
=  a'  +  h'^-r  c'^  +  2ab  +  2ac  +  26c 
Similarly, 

{.r^ -  2.X  + 3}  =  {{ar=  -  2a;)  +  3}' 

=  (x^  -  2xf  +  2{x"-  2x)  3  +  3» 
=  a;*  -  4x3  +  4x'  +  Gx'  -  1 2x  +  9 
=  x*-4a^+10x'-l2x  +  d 
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Or,  since  in  finding  the  square  of  any  expression  we  mul- 
tiply the  whole  expression  by  each  term,  and  take  the  sum,  it 
is  evident  that  in  forming  the  square  of  any  expression  we 
take  the  square  of  each  term,  and  twice  the  product  of  every 
two  terms. 

To  make  sure  that  we  take  twice  the  product  of  every  pair 
of  terms,  we  may  perform  the  operation  in  this  way  :  take 
twice  the  product  of  each  term  and  all  terms  which  follow  it. 

Exercise  31. 

Write  the  square  of  : 

1.  x  +  y  +  z.  2.  x-\-2y  +  z.  3.  x->r'2y  +  'iz. 

4.  X  -  y  -\-z.  5.  X  +  '2y  -  z.  6.  a;  -  '2y  -  3s. 

7.  a  +  h  +  c-v  d.     8.  a-h  +  lc-  od.     9.   2a:  -  Cy  +  42  -  hw. 
10.  .z^  +  .r+l.        11.  x'  +  xy  +  y"'.         12    x^+2xy  +  y-. 
1 3.  a;2  +  X-  +  .'-•  +  1 .  14.  x^  ~x-  +  x-\.    1 5.  a'  +  3a-b  +  ?>ah-'  +  ¥. 
Find  the  expressions  of  Avhich  the  following  are  the  squares: 

16.  0?  +  2ah  +  6-  -  2ac  -  2hc  +  cl 

17.  «-  -  2xy  +  y"  -  2yz  +  2xz  -f  z-. 

1 8.  x^  +  ixy  +  4y-  +  6.X2  +  1 2yz  +  92-'. 

19.  4ar'  -  4.ry  +  //-  -  1 2.T2  +  Cyz  +  9  j-. 

20.  a-  -  2ah  +  b--  2a  +  2^>  +  1 . 

To  find  tlio  cube  of  a  binomial : 

By  actual  nuiltiplioation  we  find  that  (a  + /y)"^  =  a" -+- 3rt-6  + 
3ah'  +  b\ 

Since  every  binomial  may  be  put  in  t!:3  form  a  +  h,  we  are 
able  to  write  out  its  cube  without   the   ordinary   process  of 
multiplication. 
Thus: 

{a-bf  =  a^  +  Za-{-b)  +  ?>ai^-bf  +  {-bY. 
=  a^  -  3a-b  +  Zab"  -  b". 
And  (2.C  +  Syf  =  (2.x-)='  +  3  (2:r/^  (  +  3y)  +  3  (  +  2x)  (  +  Syf  + 

i  +  ^yf 

=  8x-^  +  36.r-y  +  bix^  +  -7y'' 
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Also  (2x  -  3y)3  =  {Ixf  +  3  (  +  Ixf  (  _  3y)  +  3  (  +  2a;)  (  -  3y) 
+  (-3y)» 

=  8a;^-3Ga;^y +  54x7/-- 27y. 

Exercise  32. 
Expand  : 
1.  {x^y)\  2.  {x-y)\  3.  (2a;  +  y)l 

4.  (x  -  2y)^  5.   (3.x  +  iy^\         6.  (3a  -  1h)\ 

7.   (a;  +  4f.  8.  {1x^-\)\  9.  (1  -  2a;)^ 

W    3 

10.  (2x  +  3)3.  11.  (2-3.r)^        12.  (2 --2). 

13.    {(a  +  6)  +  c}^.  14.   '^0-^-0  ^cf.      15.  (a  +  i-c)^. 
16.   (a;  +  2y  +  32)-\    17.   \%t  -y^zf.   18.   (l-a^  +  jc^/. 
Consider  the  following  multiplications  : 


(1) 

(2) 

cC-^ah^h'' 

a?-ah  +  U' 

a  -b 

a  +h 

a^  +  a-b  +  ab'-  a?  -  a?b  +  ab 

-  a?b  -  a¥  -¥  +  a?b  -  a¥+  ¥ 

a''  ^\  7'  Tb\ 

We  may  write  the  results  thus  : 

(a-b)(a'+ab-\-b-)  =  a'-b\ 
(a+byia'-ab  +  b^)  =  a^+b^ 

Exercise  33. 
Multiply  : 

1 .  (a;  +  y)  (x-  -  xy  +  y-).  2.  {x-y)  (x'  +  xy  +  y^). 

3.  {c  +  d)  (c"^  -  cd  +  d'^).  4.  {a  -  c)  {d^  +  ac  +  c^). 

6.  (2a;  +  a){4x2-2xa  +  a2).      6.  {2a  -  c)  {ia~  +  2ac  +  c-). 

7.  (2a  +  6)  (4a2-2a6  4-^-).      8.  (2x-3y)    (ix"  +  6xy  +  9y'). 
9.  (2a +36)(4a--6a6  + 9^2^)10.   (3.  _  1 )  (^2  ^  _^_  +  1  )^ 

11.  (x  +  ^)(ar^--^  +  i).         12.   (a2-62)  {a*  +  aW  +  b'). 
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13.  (ac  +  b^){a^c'-ab-c  +  b*).\i.  {x'  +  yz)  {x*  -  u?yz-¥y^s?\ 

15.  (4x+l)(16.c--4.c+l).    16.   {2-\-xy){i--2xy  +  x'f). 

17.  (2;//  +  ?>n)  (47/r  -  6mn-|-9w-). 

18.  (a--l)  («Ha-  +  l).  19.   (1+a-)  (l-a-  +  a*). 

20.  (2x2+J)(4a:''-x2+J-). 

Complete  the  following  staterrjents  by  >vriting  the  necessary 
factors  : 

21.  {x^y)  (  )  =   x-^-f  i'l 

22.  {x-y){  )  =  :^-y\ 

23.  (a+26)(  )  =  «^  +  86^ 

24.  (2;r-3^)(         )  =  8^^- 27^/1 

25.  (l-2a-^;  (         )  =  l-8rt«. 

26.  (2y+|)(         )  =  8y'  +  |. 

27.  (5m  -  3«)  V         )  =    1 257^3  -  'ilv^. 

28.  («r  +  w7>i-f  rr)  (  )  =  m^-wl 

29.  (a--«6  +  6-)(  )  =  (i^-\-h\ 

30.  (4.r+10it;2/+252/-)  (  )  =  8.'«r' ^  1 25^^. 

31.  (9m"-3w4-l)(         )  =   27^^+1. 

32.  (1  +  4/»+  16/,;-;  (         )  =  1  -  G4///A 

If  an  expression  can  be  written  as  the  sum  or  difference  of 
the  cubes  of  two  numbers,   it  can  readily  be  shown  to  be  vhe 
product  of  two  factors. 
Thus,  8a:2+27/ 

=  (2xf +  (3y)^ 
=  (2x  +  3y)  (4x--  -  <iSxy  +  9y-^). 
And,  125mV-l 

=  {bmrif  -  P 
=  (5m /i  -  1)  (25w-7r  +  bmn  +  1). 

Exercise  34. 
Find  factors  of  : 
1.  p^  +  q\  2.  p'-if.  3.  8/>-<  +  9-\ 

4.  p"  -%q\  5.  8p''  +  27<?^.  6.  27 /«=»-!. 

7.  8-125^1  8.   lOOOx*     y'.  i).  ay  +  x*. 
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10.  a3  +  6V.  11.   {a  +  bf  +  c\  12.  a^  +  (b  +  c)\ 

13.  {a  +  bf-c\  U.  a^-(b  +  cf.  15.  a'  +  {b~cf. 

16.  a^-(b-cr.  17.  «2  +  3a-6  +  3a6- +  63  _  c3. 

18.  a""  -  b^  -  3b-c  -  3bc- -  c\ 

19.  27  —  (Z^  —  3a-6  -  Sab"  -  b". 

20.  Show  that  x  +  yisa.  factor  of  (.«  -  Vf  +  (y  +  3)^. 

2 1 .  Show  that  a;  +  v/  is  a  factor  of  ( 6.<;  +  Sy)-'  +  ( t.r  +  fiijY. 

22.  Show  that  x-y  is  a.  fac  '.or  of  |  (a  +  1  )a;  +  iy  |  ^  -  |  [ax  + 

{l+b)y\\ 

23.  Show   that  .-e  +  y    is   3    factor   of   {(1  -  "0  •^+P2/}^'^- 

|ma:+ (1 -^)y  I"  ■. 

24.  Express  a;"  -  1  as  the  product  of  four  factors. 

25.  Express  64  -  y®  as  the  product  of  four  factors. 

26.  Show  that  a;  +  y  is  a  factor  of   {(l  -  m^  ^•+j)y  +  qz\^  + 

[rnx  +  {\  - p) y - qz]^. 

We  have  shown  how  to  find  the  factors  of  a  trinomial  of 
the  form  a;^  +  mx  +  n,  by  arranging  the  expression  as  the 
difference  of  two  squares. 

The  same  method  may  be  applied  in  finding  the  factors  of  a 
trinomial,  such  as  8a;^  +  22x-+  15. 

For,  8a;"  +  22a:+15 

=  8(a;2  +  -U-a;  +  -y-) 

=  8|(a.  +  V-)-^  +  V} 

=  8{(.x-  +  -V-/-eV} 

=  8(a;  +  -|)(rr  +  |) 
=  (2a;  +  3)(4x  +  5). 
Also,  5a'  -  1 2a  +  4 

=  5|a^-Ya  +  l} 

=  5{(«-4)^-(|)1 
=  5(a-|)(a-2) 

=    (5a -2)  (a -2). 
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Exercise  35. 
Factor  : 

1.   6ar^  +  5x+l.-  2.  6x-+7x  +  2. 

3.   6a;- -a; -2.  4.  6ar2  +  x-2. 

5.  dx'+Uxy  +  ii/.  6.  56^-12ic  +  4c2. 

7.   5c'' -  8cd  -  4d-.  8,  5a;-+12a:y+42/2. 

9.   12a2  4-«-20.  10.  12a'-a-20. 

11.   12a-- 31a +  20.  12.  12a2  +  53a+ 20. 

13.   12a2-43a-20.  14.  12a- -  5 3a ^  +  206-. 

15.   Sx-  +  22xi/  +  lby'.  16.  8a;- -  22.ryH-15v/2. 

17.   8a--2ai-156-.  18.  8a2+ 2a6  -  15£-. 

19.   50a;2+.'la:+l.  20.  48x- +  90a;y  +  27^^ 


A  simple  factor  is  one  that  cannot  be  resolved.  Such  as, 
3,    -  5,  a,  ./•  -  y. 

A  common  factor  of  two  or  more  algebraical  expressions 
is  an  expression  which  Avill  exactly  divide  each  of  them,  and 
the  highest  common  factor  is  the  product  of  all  the  com- 
mon simple  factors. 

Highest  common  factor  is  denoted  by  the  letters  H.C.F. 

The  common  simple  factors  of  4a^ic^  and  ^alrc^d,  are  2,  a, 
J,  c  and  c. 

Hence  the  H.  C.  F.  of  4a'-'ic-  and  6a^A-W  is  1ahc\ 

Also  the  common  factors  of  6  (a-  -  P)  and  8  {a^  —  2ab  +  Ir) 
are  2  and  a  -  h. 

Hence  their  H.  C.  F.  is  2  (a  -  h). 


Exercise  36. 
Find  the  H.  C.  F.  of  : 

1.  alP  and  a?h.  2.  alxr  and  arhc. 

3.  ni^n  and  iii'^  4.  abVd*  and  a*Pchi. 

5.  Qarb^c  and  9o^V.  6.  2ix^t/  and  36ar»y*. 
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7.   ISx^yV  and  25  fz\  8.   Ua^ftV  and  WcK 

9.   4a6,  6a2^/2c  and  V2Wc\      10.  aV,  20a V  and  lOsc^. 

11.  a;-  +  5x  +  6  and  ar  +  4a;  +  3. 

12.  ar  +  5a;  +  6  and  a:^  +  3a;  +  2. 

13.  6  (a;^  -  1 7a;  +  70)  and  8  (x-^  -  3a;  -  28), 

14.  a^  +  6a6  +  86"  and  a"  +  4ai  +  4/^. 

15.  ar=  +  10a;y -24^/2  and  ar'-4v/l 

1 6.  a;^  +  2>xy  +  23/-  and  ar  +  6xy  -i-  8?/'. 

1 7.  3a2  -  4a6  +  Ir  and  4a-  -  5ai  +  i>', 

18.  (a  +  J)2  -  c2  and  ^z  +  cf  -  h\ 

19.  ar*  +  5a;  +  4,  ar'  ■•  i  and  x^  +  2a-  -  'I. 

20.  x^  +  y^  7?  +  2x</  -r  v/^  and  ;/''  -  ^"^ 


A  common  inultiple  of  two  or  more  algebraical  expressions 
is  an  expression  which  is  exactly  divisible  by  each  of  them, 
and  the  lowest  COmmon  multiple  of  the  expressions  is  that 
common  multiple  which  has  the  least  number  of  simple 
factors. 

Lowest  common  multiple  is  denoted  by  the  letters  L.  C.  M. 
The  L.C.M.  of  4:(rlc-  and  %ah'<^d 

is  lla-h'c^d. 
Also,  the  L.  C.  M.  of 

6  (a-  -  IP)  aiid  S  («2  _  2ah  +  i;% 
that  is,  of  6  (a  -  h)  {a  +  h)  and  8  (a  —  6)  (a  -  h) 
is  2iia-hf{a  +  h). 


Exercise  37, 
Find  the  L.  C.  M.  of  : 
1.  a^hc  and  alP.  2.   3m^w  and  iinn?n}. 

3.   ^xifz'  and  ^yzHi^.  4.   bd'Vc'  \Oa[?c'  and  15a'*6. 

5.  a-^-//2and(a  +  fe)''.  6.  (a^  6^)  and  (a  +  i)^ 
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7.  4ar  -  1  and  4rx''  +  4x+  1.     8.  x^  -  4  and  x'+S. 

9.  I  [Ir  -  1 )  and  b{h+l ).      10.  a-'  +  if  and  {x  +  y)^' 

1 1 .  X-  +  o.t  +  6  and  X-  +  7a.  +  1 2. 

1 2.  .r  +  9.f  +  20  and  x-  +  x  -  20. 

13.  ar  -  3a;  -  4  and  x-  -  L 

1 4.  2x'  -  r  -  3  and  Ax-  ~  1  '2x  +  9. 

15.  a-  +  6ab  +  %-  and  «-  +  lab  +  12/-^ 

1 6.  6x2  +  .7;  _  1 2  and  4.5:''  -!-  Ar.  -  3. 

17.  4.V-+ll/;-3  andfe--i-6p  +  9. 

18.  (a  +  b  +  c)- and  (a  +  by -c"^, 

1 9.  «"  -b"  +  c'^  -  '2ac  a) •  ^  or-  -  S"  -  c"'  -  ?,6o. 

20.  u:'-'  -i-  ix  +  4,  a;-  +  5x4  -  ar;d  r-  -i-  (.ir  ■'■  '^ 
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CH^.PTFR  VT 


SIMPLE     EQUATION'S. 


An  equation  is  a  statement  that  two  expressions  are  equal. 
Thus  2x-  +  3  =^  3.V ;  or,  x  (x  -  4)  =  a:^  -  4x. 

The  two  expressions  which  are  stated  to  be  equal  are  called 
the  members  or  sides  of  the  equation. 

Equations  are  commonly  divided  into  two  classes:  identical 
equations  and  conditional  equations. 

An  identical  equation,  or  an  identity,  is  one  of  which 

the  two  sides  are  equal  whatever  numbers   the  letters  stand 
for.     Thus,  X  {x  -  4:)  —x~  -  4:X. 

A  conditional  equation  is  one  of  which  the  two  sides  are 
equal  only  when  the  letters  stand  for  particular  numbers. 
Thus,  2a;  +  3  =  3a:,  is  true  only  when  x  stands  for  3. 

The  term  equation  when  used  without  any  qualifying  word 
usually  means  a  conditional  equation. 

A  letter  which  must  have  a  particular  value,  in  order  that 
the  statement  of  equality  may  be  true,  is  called  the  unknown 
quantity.  And  the  value  of  this  unknown  quantity  is  the 
number  which,  when  substituted  for  it,  will  satisfy  the  equa- 
tion.    This  value  is  called  a  roOt  of  the  equation. 

To  solve  an  equation  is  to  find  the  root,  that  is,  the  value  of 
the  unknown  quantity. 

in  the  equation  2a;  +  3  =  9, 

'Jix+'6  is  the  left-hand  member,  or  side, 
9  is  the  right-hand  member,  or  side, 
X  is  the  unknown  quantity, 

3  is  the  value  of  x,   which  satisfies  the  statement, 
and  therefore  3  is  the  root  of  the  equation. 
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A  simple  equation  is  one  which  contains  only  the  firsi 
power  of  the  unknown  quantity. 

The  unknown  quantity  is  usually  denoted  by  the  letter  x, 
although  any  other  letter  woulci  ao  equally  well. 

In  solving  equations,  the  following  axioms  are  assumed  : 

If  equals  be  added  to  equals  the  sums  are  equal. 

If  equals  be  taken  from  equals  the  remainders  are  equal. 

If  equals  be  multiplied  by  equals  the  products  are  equal. 

If  equals  be  divided  by  equals  the  quotients  are  equal. 


Consider  the  following  equations  : 

(1)  2x  =  6. 

If  we  divide  each  of  the  equal  members  of  this  equation  by 
2,  we  obtain  equal  quotients. 

.-.  r=3. 

(2)  5,r-G  =  3A-. 

If  we  add  G  to  each  of  the  equal  members  we  obtain 

5a:  -  6  +  6  =  3a;  +  6. 
That  is,  5x-  =  3aj  -I-  6. 

If  now  we  subtract  3x  from  each  side,  we  obtain 
5a:  -  3a-  =  3x  -  3a;  +  6 
or,     ox  -  3.r  =  6, 
or,  2a:  =  6. 

a:  =3. 

(3)  4.r-7-2.T  +  r). 

If  we  add  7  to  each  side,  and  also   subtract   2x  from  each 
side,  we  have 

4a:  -  7  +  7  -  2a;  =  2a;  -  2a-  +7  +  0, 
or,   4x  -  2a;  =  7  +  5 . 
that  is,  2x  =  12. 

x  =  6. 
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Froro  these  examples  we  see  that  any  terra  may  be  trans- 
ferred from  one  side  of  an  equation  to  the  other,  provided  we 
change  its  sign ;  for  this  is  equivalent  to  adding  the  comple- 
mentary term  to  each  side. 

This  transposition  of  terms  enables  us  to  place  all  the  terms 
containing  the  unknown  quantity  on  one  side  of  the  equation, 
and  all  the  other  tei-ms  on  the  other  side. 

And  by  combining   terms  the  equation  is  reduced  to  the 

form 

ax  =  b. 

Dividing  both  sides  by  a,  we  have 

6 
X-—" 
a 

(4)  4(a;-5)-f  3(.r-2)=2  (2a;-^4)-]5- 

Removing  the  brackets,  we  have  : 

4x--20-H3,r-6  =  4a;  +  8-15. 
Transposing  terms,  we  have  : 

Ax  -I-  3a:  -  4j-  =  20  -I-  G  +  8  -  15. 
That  is,  3a;--=19. 


Exercise  38. 
Solve  the  equations  : 

1.  2t  =  8.  2.  2x=-8.         3.    -3x  =  9. 

4.    13a;=  —39.      5.  mx=^Am.  6.   ax-  -  a"^. 

7.  2ar+5=17.     8.  3a;-7  =  17.     9.  5a; -f- 3  -  -  22. 
10    lla-=45-4x.  11.   12.>:  +  5  =  7a:-30. 

12.   13«-15-|-2x  =  60.  13.   2a: -27 -14a;  4-5  =  100 -3a;. 

14.   20a; -17  =  18 -»- 13a;.         15.    14-a;  =  x-6. 

16.  3  -  4a;  -  5 -I- 6a;  =  7  -  8a,-. 

17.  5-10a;-8-3a:=2-6a;  +  30. 

18.  2  (x-5)  +  3(a;-i4)  =  8. 
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19.  ix-ix+S)^  12. 

20.  2(x-5)  +  3{4  ~  2x)  ^(i(2x-  i). 

21.  x^i{2of-3)  +  3(x~7y 

22.  5  (£c  -  6)  +  6  (a;  -  d)  =  0. 

23.  (a;-3)  +  2  («:- 4)  + 3  (a:  -  5)  =  4  (jc- 6)  -  (10  -  x-) 
2L  5-3  (2-3x)  =  4  4-(a:-17). 

25.  14  -  2  {a;  -  3  (.r  -  4)  -  4 1  -  24. 

26.  5-3{2-.:-4  (5  -a)-3}=.  -50. 

27.  3  {x  -  2  (3  -  2rr) }  =  10  -  2  (.-c  -  7). 

28.  16  +  3  /a:-7)-4{2-3r2-a:Ux}. 

29.  2-[2-{2-(2-2a;)}J  =  x. 
3a.  {x-2)  {x  +  3)  =  x''  +  ^x-i-20. 

31.  {x  +  i:'r^.{x-3)  {x  +  7). 

32.  (aj-4)  (x-5)  +  17=a;(a;+6)-100. 

33.  2  {a;-6)-!-^T-4)''=a:(a:+10). 

34.  {x-i)  (x-n)  +  ix-Q  (x-2)^-.{x  +  \)  (a:-3)  +  x». 
35  4:{x-2)--^r>  {x  +  3f  =  7{x^l){x  +1). 

36.  (2x4-3)  (2x"-5)  =  4  (x-l)\ 

37.  (x+l)2   +(a;  +  2)='=--(a:-l)2  +  (a;  +  3)'. 

38.  (2.^;+3)  (a:- 5)  +  (.t+ 2)  (a;  +  7)  =  3  (x  -  1 )  (x  -  4). 

39.  x  +  {x-7)^  -  (x-9)'  =  (x-7)  {x-9)-x\ 

40.  (x+l)  (x  +  3)  (x  +  5)-(x-2,  (.r  +  4)  (x+7)  =  100. 
When  some  of  the  coefficients  are  fractions,  if  we  multiply 

both  sides  of  the  equation  by  a  number  which  is  a  multiple  of 
each  of  the  denominators,  we  get  rid  of  the  fractions. 

Evidently  the  L.  C.  M.  of  the  denominators  will  be  a  suit- 
able multiplier. 

To  solve  : 
(1)  ^x+14^  =  15  +  ia-. 

Multiplying  both  sides  by  1 2,  we  ha^o 
4x+170=180-f-3x. 
.-.  4x-3x   =180-  170 
.-.  X    =10 
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To  solve  : 
(2)  |(a;-2)-i(a:-4)  =  10. 

Multiplying  both  sides  by  6.  we  have 

5  (a:-2)-i  (.r-4)  =  60. 
.-.  5a;-10-2a:4-8  =  'i0- 
.'.  5x-2x=yj()+ lb  -  6 

•.  x='?Of. 
Note  tiiat  ^  {X  -  -t)  IS  the  same  a^    — ^    . 


i?iXKKCISE    39. 

Solve  : 

1.  |x  =  8. 

2.   3_x=10. 

1.  i.~-3*. 

2a: 
4.    y=12. 

3^ 
5-^  =  If, 

6.    J. 6. 

7.  |x+10  = 

:|X  + 

2i 

3.C      2x 

-j+y  =  iOH-.^- 


a; 


9.    10-3^a;  =  a;  +  6G-   ^• 

10.  |(x-6)  --;^  (x+12). 

a;  +  8     x  +  2 
"■    "4- '-6    ■ 

X        X        5x         3 
^^-    4  +  6  "^12  =    2' 

13.  ^(a:-3)  +  i(2x  +  4)  =  /v(^-^)- 

14.  f  (a;-2)  (2x-6)  =  f  [x-5)  (3x-2;  --j- 

2x  -  3     5  -  6.T     , 

15.  -^_-3-='.. 

16.  -f    5a:- 9)  + 1  (7a; +  8)  =  23. 

3a:-17     2a: -9     a'+40 
^"^    '     6       "^     T~  "     49 
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2x+\      ,      5.C  +  5     , 
5x-  +  2     Sx  +  4     25.r     ^t 

20.  — ,—  -----  Pa;  -  '^4. 

4  6 

21.  Kx  +  2)-^{x  +  i)^^{..  .0)^.2. 

22.  (.c  -  2)  (.r  -  3)  -  J  (.r  -  b)  (x+  l2)  =  ^  x  (.xJ- 10\ 

.r-1       10.r   '4.. 
2.3.     1  -— —  ^ ^—   -1. 

4  7 

24.  ^i^^  (3-«  -  7)  -  I  (2.r  -  4 )  =  A  (  r..r  +  8) 
4a;     23T  +  3      3.x 

26.    -^  -      ,-:j ox-  y. 

:^x  +  'z_2x-3  _x-  I 
^^-    ~5  2~     "To"" 

28    ^  _  ■■^  "^  ^  =  ^^"^  ^ 
9     ~Y~    ~T" 

5x     X      X  -  2      X 

2x+9        ,,  „  435 

30.     -^--|(x-l)  =  3--^ 
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CHAPTER  VTT. 

Exercise  40. 

If  ./•  is  an  algebraical  number,   state  the  ir'eaning  of  each  of 

the  following  expressions  : 

1.  2x.  2.    -2x.  3.  x  +  2.  4-.  x-2 

5.  .-r  +  5.  6.   2./M  5.  V,   55^-5.  8.   7  -  ?.r, 

9.  2{x  +  3).  10.  (x  +  6)-.       1.  L  (3x  -  2)1     1.2.   14  -  i(x  +  6). 

13.   2;c=7.        14.  {x  +  2y  =  x{x  +  3). 

15.   20-3  (x  +  4)  =  5. 


«      Exercise  41. 

Using    X   to    represent    the    unknown   number,    write    an 
algebraical  expression  which  represents  : 

1.  Double  the  number. 

2.  Five  times  the  number. 

3.  The  sum  of  the  number  and  2. 

4.  The  result  of  subtracting  4  from  the  number 

5.  The  sum  of  double  the  number  and  20. 

6.  The  square  of  the  sum  of  the  number  and  10. 

7.  The  product  of  the  number  and   the  sum   of  the   number 

and  7. 

8.  The  amount  by  which  the  number  exceeds  60. 

9.  The  excess  of  the  number  over  50. 
10.  The  excess  of  100  over  the  number 

Jl.  The  amount    which    must    be   added    to  the  number  tp 
make  40, 
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12.  The  amount  which  must  be  subtracted  from  double   the 

number  to  make  40. 

13.  That  the  excess  of  double   the  number  over  10  is  equal 

to  30. 
11.  That  the  square   ol  the  sum    ot    twice   tlie  number  and 
three  is  equal  t':-  fcur  tiTi^es  the  '^qvrs  of  the  number. 

15.  That  if  20  be  added  to  three  times  the  number  the  sum 

will  be  50. 

16.  The  number  greater  by  one. 

17.  The  three  loiiowing  consecutive  numl^ers. 

18.  That  the  product  of  the  two  following  consecutive   num- 

bers is  equal  to  5o. 

19.  That  the  square   of  the  sum  of  tiie  number  and  six,  i< 

greater    by    20    than    t.'ie    sfjuare    of    the    sum    of    the 
number  and  five. 

20.  That  the  product  of  the  next  two  consecutive  numlje'"s 

is  greater  tlian  the  product  of  the  two  preceding  con- 
secutive numbers  Ijy  42. 

The  principal  application  of  elementary  algebra  is  the  solu- 
tion of  problems. 

Consider  the  following  problems  : 

(1)  Find  a  number  such  that  if  10  be  added  to  double  the 
number  the  sum  will  be  50. 

Let  X  represent  the  number. 
Then  2x  represents  double  the  number. 
And  2x  +  10  represents  the  sum  (»f  double  the  number  and  10. 
But  this  sum  is  50. 

.-.     2-- +  10  =  50. 
2r=-.40. 
.*--20. 
Tiierefore,  the  required  number  is  20. 

(2)  A  has  $100  and  /.'  has   S40     how  inucii  rimst  A  give  b 
in  orde**  that  .fi  may  have  as  much  as  /<  / 
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Let  X  represent  the  number  of  dollars  which  .1   must  give 

Then  100- a;  represents  the  nTiuiber  of  dollars  which  A 
will  have  left. 

And  40  + A-  represents  the  number  of  dollars  which  Ji  will 
then  have. 

.-.    wO  -  X  -  iO  -r  X. 
.-.    -2,c=  -bO. 
.-.    .r-30. 

Therefore',  A  must  give  £  ^30. 

Hence  we  see  that  we  can  solve  a  problem  by  representing 
the  unknown  number  by  x,  and  then  expressing  the  conditions 
of  the  problem  in  the  form  of  an  equation.  The  solution  of 
this  equation  gives  us  the  unknown  number. 


E.\i:kcisk  42. 

Solve  the  following  problems  : 

1.  The  sum  of  two  numbers  is   45  ;  if  x  represents   one   of 

the  numbers,  what  will  represent  the  other  ? 

2.  If  a;  and  76  represent  two  numbers  whose  sum  is  120  ; 

find  sc. 

3.  A  person  has  x  dollars,  a  second  person  has  10  dollars 

more  than  the  first,  together  they  have  40  dollars  ;  how 
many  dollars  has  each  ? 

4.  The  sum  of  two  numbers  is  73,  and  one  of  the  numbers  is 

44  ;  find  the  other. 

5.  The  difference  of  the  ages  of  two  persons  is  14  years,  and 

the  age   of  the   elder  is    42  years  ;  find  the  age  of  the 
younger. 

6.  The  sum  of  two  numbers  is  54  and  their  difference  22  ; 

find  the  numbers. 
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7  If  a:  and  '2x  +  6  represents  two  iiuiuDers  whose  difference 
is  22,  find  the  numbers. 

8.  One   boy   has  22  maroioS  more  than  another  b^n'  ;  if  he 

also  has  6  more  than  double   as   many,   find   how    many 
each  has. 

9.  The  result  of  addini^  -">  to  double  a  certain  number  is  the 

same  as  subtracting    15  from  four  times  the   number. 
Find  the  number. 

10.  One  number  is  greater  than  anotlier  by  2  :   tlieir  sum  is 

50.      Find  tlie  greater  numbei-. 

11.  One  number  is  less  than  anotlier  by  .')  ;    their   sum   is    39. 

Find  the  numbers. 

12.  The  sum  of  two  numbers  is  50  ;  one  is  greater  than  the 

other  by  10.     What  are  the  numbers  1 

13.  Divide  100  into  two  numbers  whose  difference  is  10. 

11.  One  number  is  double  another  ;  if  40  be  added  to  the  less 
and  1  be  taken  from  the  greater  numlier,  the  former  re- 
sult is  double  the  latter.      Find  the  numbers. 

15.  Find  the  number  which  exceeds  its  sixth  part  by  35. 

16.  The  sum  of  $93.05  was  raised  by  A  and  B  together,  B 

contributed  S8.79  more  than  A,  how  much  did  each  con- 
tribute ? 

17.  Add  30    to  a  certain    number,   and  the  sum  will  be    as 

nmch  above  31   as  the    original    number    is    below   31. 
What  is  the  number? 

18.  A  drover    bought  a  certain  number  of  calves  for  84.50 

each,  and  8  less  cows  at  §30  each,  and  paid  altogether, 
$174.     How  many  cows  did  he  buy  1 

19.  How  nmch  chicory  at  10  cents  a  pound  must  be  mixed 

with  8  pounds  of  coffee  at  40  cents  a  pound,  to  make  a 
mi.Kture  worth  22  cents  a  pound  1 

20.  Tlie  sum  of  $225  was  raised  hy  A,  B  and  C  together  ;  S 

contributed  $19  more  than  A,  and  C^  $58  mo?-e  than  B. 
How  much  did  each  contribute '? 
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21.  A  fatlxer  is  52  years  old  aad  his  son  is  4  years  old;  in 

how  many  years  will  the  father  be  exactly  7  times  as 
old  as  his  son  ? 

22.  If  42  be  added  to  a  certain  number,  the  result  is  4  times 

that  number  ;  find  the  number. 

2.3.  A  is  three  times  as  old  as  B,  ana  7  years  ago  their  united 
ages  amounted  to  as  many  years  as  now  represent  the 
age  of  A  ;  find  their  ages. 

24  A  person  has  6G30  ;  part  of  it  he  loans  at  the  i-ate  of  4 
per  cent.,  and  the  remainder  at  the  rate  of  5  per  cent., 
and  he  received  equal  sums  as  interest  from  the  two 
parts ;  how  much  did  he  loan  at  each  rate  ? 

25.  John  and  Charles   play  a  game  of  marbles  ;  John  has  22 

marbles,  and  Charles  13  before  they  begin,  and  at  the 
end  of  the  game  John  has  4  times  as  many  as  Charles 
How  many  did  John  win  ? 

26.  Find  a  number  such  that  its   fifth  part  may  exceed  its 

seventh  part  by  12. 

27.  A  father's  age  is  six  times  as  great  as  that  of  his  son,  but 

4  years  ago  it  was  1 1   times  as  great.     Find  the  age  of 
each. 

28.  How  much  tea  worth  30  cents  a  pound,  must  be  mixed 

with  12  pounds  at  50  cents  a  pound,  to  make  a  mixture 
worth  36  cents  a  pound  ? 

29.  Divide  $300  among  thi-ee  persons,  A,  B  and  C,  so  that  B 

may  receive  twice  as  much  andC  three  times  as  much  as  A. 

30.  Divide  $480  into  two  parts,  so  that  the  first  part  put  out 

at  interest   for   a  year  at  5  per  cent.,  may  exceed  the 
interest  on  the  other  part  at  6  per  cent.,  by  S20.70. 

31.  Find  a  number  such  that  if  20  be  added  to  it,  the  sum 

will  be  three  times  the  remainder  when  20  is  subtracted 
from  it. 

32.  A  can  earn  S2  and  B  $1.75  a  day.      How  long  will  it  take 

B  to  earn  as  much  as  A  can  earn  in  2 1  days  ? 
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33.  At  an  election  where    743  votes  were  polled,  the    suc- 

cessful candidate  had  a  majoiity  uf  Gl.  How  many 
ballots  were  cast  for  each  ? 

34.  A  had  4  times  as  many  apples  as  £.      A  gave  B  12,  and 

he  had  twice  as  many  left  as  B  then  had.  How  man} 
had  each  at  first  1 

35.  If  a  man  walks  49^^  miles  in  ploughing  a  field  40  rods 

long  and  20  rods  wide,  find  the  average  width  of  each 
furrow,  no  allov/ance  being  made,  for  turning  at  eac# 
end. 

36.  A  farmer,  at  a  sale,  disposed  of  a  certain  number  of  horses 

at  .$100  each;  5  times  as  many  cows  as  horses  at  $30 
each,  and  as  many  sheep  as  horses  and  cows  together  at 
$5  each.  The  total  proceeds  of  the  sale  amounted  to 
$840.     How  many  of  each  did  he  sell  ? 

37.  When,  after  8  o'clock,  will  the  two  hands  of  a  clock  first 

be  in  a  straight  line  with  each  other  ? 

38.  The  sum  of  two  numbers  is  89  and  their  difierence  is  31. 

Find  the  numbers. 

39.  A    father   divides  $51.00   among  his   three   children,   so 

that  every  time  the  first  receives  one  dollar  the  second 
receives  two  dollars  ;  and  as  often  as  the  second  receives 
three  dollais  the  third  receives  four  dollars.  How  much 
does  each  child  receive  ? 

40.  Two  casks  contain  equal  quantities  of  water.        From  the 

first,  42  gallons  are  drawn ;  from  the  second,  6  gallons. 
Tlie  quantity  remaining  in  one  vessel  is  now  three  times 
that  in  the  other.  How  much  did  each  cask  contain  at 
first? 

41.  A  has  twice  as  many  marbles  as  B.       A  loses  32  and  B 

wins  17,  and  then  B  has  twice  as  many  as  A.  How 
many  had  each  at  first  ? 

42.  A  and  B  have   1 28   apples  between  them.     A   gives  B  a 

sutiicient   number    to   double   his   quantity,    and    they 
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then  have  equal  quantities.  How  man}'  had  each  at 
first  1 

43.  A  man  has  5  times  as  many  half  dollars  as  he  has  dollars, 

and  3  times  as  many  quarters  as  he  has  halves.  The 
whole  sum  is  $58.      How  many  of  each  has  he  ? 

44.  A's  earnings  for  the  past  year  are  $75  less   than  twice 

B's  ;  £'s  are  $50  more  than  one-half  C's,  and  C's  are 
$25  more  than  one  third  of  A 's  and  B's  together.  What 
are  the  earnings  of  each  ? 

45.  Two  boys,  John  and  James,  have  74  marbles  b^^tween  them, 

and  John  has  46  more  than  James.  How  many  marbles 
have  each  ? 

46.  A  sixth  part  of  the  sum  of  two  numbers  is  17,  and  one- 

quarter  of  their  difierence  is  11.     Find  the  numbers. 

47.  Two  travellers,   A   and   B,  agree  to  share  their  expenses 

equally.  At  the  end  of  the  journey  they  find  their  total 
outlay  to  be  $48.50,  aud  that  B  must  pay  to  A  $6.25  to 
settle  according  to  agreement.  Find  the  actual  outlay 
of  each  before  settling. 

48.  In  a  family  of  three  pereons  the  average  age  is  21  years. 

The  father's  age  is  five  times  one-quarter  the  combined 
ages  of  mother  and  child,  and  the  mother's  age  is  3  years 
more  than  four  times  the  child's  age.  Find  the  age  of 
each 

49.  A  rectangular  field  contains  2i  acres.      If  it  is  25  rods  in 

length,  what  is  its  width  1 

50.  A  cask  contains  a  certain  quantity  of  brandy.        If  half 

the  brandy  be  drawn  off  and  45  gallons  of  water  poured 
into  the  cask,  and  one-quarter  of  the  mixture  be  brandy, 
find  the  number  of  gallons  of  brandy  originally  in  the 
cask. 

51.  Find  when,  after  3  o'clock,   the  minute   hand  of  a  clock 

first  coincides  with  the  hour  hand. 
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52.  Find  the  distance  from  A  to  B,  if  4  miles  more  than  one- 

seventh  the  distance  is  16  miles  less  than  one-half  the 
distance. 

53.  A  workman  was  employed  for  30  days  on  condition  that 

for  every  day  lie  worked  he  should  receive  ^1.25,  and 
for  every  day  lie  was  idle  he  should  forfeit  50  cents.  At 
the  end  of  the  time  ne  received  $'28.75.  Find  the 
number  of  days  lie  worived. 

54.  A  boy  engaged  with  a  farmer  for  one  year  for  $128  and  a 

suit  of  clothes.  He  left  at  tiie  end  of  nine  months  and 
was  entitled  to  $92  and  tne  suit.  Find  the  price  of  the 
suit. 

55.  A  bill  of  $67.50  was  paid  in  dollars,  iifty-cent  and  twenty- 

five  cent  pieces.  There  were  3  times  as  many  fifty -cent 
pieces  as  dollars,  and  10  more  twenty-five  than  fifty-cent 
pieces.     How  many  of  each  were  used  1 

56.  A  man  has  1 1  hours  at  liis  disposal ;  how  far  may  he  ride 

in  a  coach  which  travels  8  miles  an  hour,  so  as  to  return 
in  time,  walking  back  at  the  rate  of  3  miles  an  hour  ? 

57.  The  rate  of  a  man  rowing  in  still  water  is  double  that  of 

a  stream.  If  it  takes  the  man  40  minutes  to  row  5 
miles  down  the  stream,  find  the  rate  of  the  stream. 

58.  A  starts  upon  a  walk  at  the  rate  of  4  miles  an  hour,  and 

after  30  minutes  B  starts  at  the  rate  of  4|  miles  an 
hour  ;  whea  and  where  will  he  overtake  A  ? 

59.  A  garrison  of  700  ipen  had  provisions  to  last  for  40  days, 

but  12  days  afterward  300  men  were  killed.  How  long 
will  the  provisions  last  the  remaintler  of  the  garrison  1 

60.  A  boy  is  one-third  the  age  of  liis  fathoi-,  and  has  a  brother 

one-sixth  of  his  own  age;  the  ages  of  all  three  amount 
to  75  years.     Find  the  age  of  each. 

61.  Two  boys  have  equal  sums  of  money  ;  but  if  one  had  15 

cents   more  and   tiie  other  9  cents  less,  the  one  would 
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have  three  times  as  much  as  the  other.  What  sum  had 
each  ? 

62.  A  man  sells  50  acres  more   than   one-half  his  farm,    and 

there  yet  remains  30  acres  less  than  one-third  of  it. 
How  many  acres  were  there  in  the  farm  ? 

63.  A  bag  contains  a  certain  number  of  sovereigns,   twice  as 

many  shillings,  and  three  times  as  many  pence  ;  and  the 
whole  sum  is  £267.  Find  the  number  of  sovereigns, 
shillings  and  pence  in  it. 

64.  A  huckster  bought  a  certain  number  of  apples  at  the  rate 

of  5  for  2  cents,  and  sold  one-half  of  them  at  the  rate  of 
3  for  1  cent,  and  the  other  half  at  the  rate  of  2  for  1 
cent,  gaining  altogether  4  cents.  How  many  apples  did 
he  buy  ^ 

65.  A  certain  number  of  men  and  one-half  as   many  women 

were  employed  on  a  work.  Each  man  received  $1.25, 
and  each  woman  75  cents ;  their  total  wages  being 
$45.50.     Hovv  many  of  each  were  employed? 

66.  A  hare  is  80  of  her  own  leaps  before  a  greyhound  ;    she 

takes  3  leaps  for  every  2  he  takes,  but  he  covers  as  much 
ground  in  1  leap  as  she  does  in  2.  How  many  leaps  does 
the  hare  take  before  she  is  caught  1 


miscellaneous  review  questions. 
Exercise  43, 

1.  Divide  Sx^  +  y"  by  2x+i/. 

2.  Simplify  2  [2  -  2  {  2  -  2  (2  -  a)  1  -  «]. 

3.  Factor  x-  +  8x  -  560  and  x^  -  Sx  -  560. 

4.  Solve  -lOx  -  13  -  56i-  =  3  (a;  -  /). 

5.  Find  a  number  which  is  as  much  greater  tnan  20  as  three 

times  the  number  is  greater  than  70. 
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6.  Divide  256x*+  16a;2+  1  by  1  -  4x+  16x- 

7.  Expand  (a  -  26  4-  c  -  Mf. 

8.  Find  the  product  of  (a  -  26  +  c  -  3i)  and  (a  +  26  +  c  +  3c/). 

9.  Solve  4  (a;  -  2)  -  5  {x  -  3)  =  6  (2  -  ./:). 

10.  Divide  16  into  two  such  pai-ts  that  if  four  times  one  part 
be  added  to  five  times  the  other  part,  the  result  may  be 
76. 


1 1 .  Divide  x^  +  if  by  x-\-  y  and  jf  -  f  by  x  -  y. 

12.  Divide  the  difference  of  the  squares  of  x--  +  x  +  1  and  j?  -  x 

+  1  by  their  sum. 

13.  Simplify  a  -  2  [a  -  2 {a  -  2  (2  -  a)\\ 

14.  Solve  3a;  -  2  (2a;  -  4)  =  x. 

15.  Express  x^^  -  y^*  as  the  pi'oduct  of  tive  factors. 


1 6.  Divide  a;'"  -  y^  by  a:  -  _j/. 

17.  Solve  (2x-  -  3)  (3a;  -  2)  =  6  {x  -  If. 

18.  Find  the  factors  of  64a;''  -  z^ 

19.  Find  a  number  such  that  double  the  number  is  as  mud 

greater  than  40  as  three  times  the  number  is  less  than 
85. 

20.  Show  that  (a  +  b)  ih  +  c)  {c  +  a)^  a^  (6 +  c) +  6*  (c +  a) -J-c^ 


21 .  Divide  a-"  -  /'  by  .»•  4-y. 

22.  Find  factors  of  x-  —  Ylx  —  03  and  z*  +  a;  -  20. 

23.  State  in  words  the  meaning  of  (.r  +  y)'  =  a-^  +  y  +  3zy  (ar  +  y) 

and  prove  the  equality. 

24.  Solve  2.r  -  {  3  -  4  (.r  -  2j+.r  }  =  60. 

25    Show  that   (a  -  6)   (6  -  e)  ('•  -  a) -a- (c  -  6)  +  6' («  -  f) +  0* 
(6  -  a). 


ELEMENTAIiY    ALGIZBRA,  119 

26.  Multiply  ^^  +  he  +  c"  by  b'-hc  +  c\ 

27.  Find   the  factors  of  15x^  +  34xy  +  Iby-  and  of  15.x^  -  1  Cry 

-i-V. 

28.  Prove  that  the  product  of   the  sum  of  the  squares  of  t  «o 

numbers,  increased  by  their  product,  and  the  difference 
of  the  numbers,  is  equal  to  Ibo  difference  of  the  cubo3 
of  the  numbers. 

29.  Solve  (x 4-  2)  (x  -  9)  -  (x  --G)  (x  -  3)  =  20  -  1  n.r. 

30.  Prove     that    {a  +  b  +  c)    {<r -^  L^  +  c^  -  ic  -  ca  -  <ib)  ^  a^  +  l^ 

+  c'  -  Sabc. 


3 1 .  Multiply  X*  -  .r-  +  x'  -x+l  by  x' +  xr +  x'^ +  x+l. 

32.  Prove    that    {x  +  y-{-  z)    (x^  +  y  -i-  z^  -  yz  -  zx  -  xy)  ^  x^  +  y^ 

+  z^  -  Zxyz. 

33.  From  the  preceding  write  the  product  of  (x+  2?/  +  3:;)  and 

(x-  +  iy'  +  92-  -  %yz  -  3zx-  -  2xy). 

34.  Find  two  numbers  whose  sum  is  156  and  whose  difference 

is  40. 

35.  Find  the  value  of  x^  +  y^  +  z^  ~  2>xyz  when  x  =  a  +  \^  y  = 

a  ~  \  and  2  =  -  2./. 


36.  Find  the  product  of  l^  -  ha  +  rri?  and  P  +  im  +  m  . 

37.  Write  the  quotient  of  uf'  +  y^  +  s?  —  Sxyz  hy  x  +  y  +  z.  * 

38.  Write  the  quotient  of  x"^  +  y*  +  82^  -  6x.yz  by  x  +  y  +  2z. 

39.  The  difference  of  two  numbers  is  6,  and  half  their  sum  is 

12,  what  are  the  numbers  1 

40.  Solve  (x  +  2)3  =  (.T  +  1  /  (x  +  4). 


41.  Show     that    (h -cf  +  {c  -  a)^ +  (a  -  by  =  2    {a"  +  b""  +  c"  -  he 

—  ca  -  ab)> 

42.  Write  the  quotient  of  x^  -  y^  +  s^  -f  'ixy%  by  :?  -  p  +  ^■- 

43.  Simplify  2  [ic  -  H(x  -  4  (x  ■   a)  -  a}  -  u}  ^  f*< 
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44.  Two  numbers  differ  by  1  ;   show  the  difference  of  their 

squares  is  equal  to  the  sum  of  the  numbers. 

45.  Solve  (x  +  7f  +  5-x)  (x  +  5)  =  36.r. 


46.  "Write  the  square  of  Zx  -  y  —  z. 

47.  Find  two  factors  of  a^  -IZ  +  c^  -  2ac. 

48.  Show    that  (x  +  a)   (x  +  b)  {x  +  c)=-.a:^ +  (a  +  b  +  (')   x-  +  {hc 

+  ca  +  ah)  X  +  abc.     From  this  expand  the  product  (.t  +  2) 
(x  +  Z)(x  +  4). 

49.  Divide  x^  -y^  -Vi^  -  9xi/z  by  x-y  -  3z. 

50.  If  a  is  2,  find  the  value   of  x   which  will  make  {x-ay  = 

x(x-\i).  

51.  Find  the  continued  product  of  (x+  1),  (x  —  1),  (x'^  +  x+  1) 

and  (x'  —  x+  1). 

52.  Show  that  (a-  +  b-)  (c-  +  cP)  =  (ac  +  bdf  +  (ad  -  bcf.     State 

in  words  the  meaning  of  this  identity. 

53.  Factor  x'  +  Zxij  +  ly-  +  x  +  y. 

54.  Divide  72  into  two  parts,  such  that  three  times  one  part  is 

equal  to  five  times  the  other  part. 

55.  Solve  %x  +  1)H  5  {x  -  2f  =  7a;«  -  2  I  [x  +  ?,){x-  9). 


56.  Show    that  {h  -  cf  +  (c  -  af  +  {a  -  bf  -  3  {b  -  c)    (c  -  a) 

(a  -  6)  =  0. 

57.  If    X  =  2a  -  b  -  c,  y=2b-c-a,    z  =  2c-  a-  b,    show    that 

xy^  +  y^  +  ^  =  Sxyz. 

58.  Factor  1 2a'''  +  ab-  20b'. 

59.  Simplify  cc^  -  [{x  -zy--{z--  {x  +  zf}']. 

60.  Solve  (•3a; +  2) -(7 --40;)  =140. 


61.  Show  that  (x  +  y  +  zy  =  (y  +  zf  +  (z-^ry  +  (x  +  yy-cc'-y'^ 
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62.  Divide  :c'  -  3a;-  +  3.r  +  i/  -\  by  .r  +  y  -  1 . 

63.  Find  the  value  of  (99£c  +  y/+ {«;+ 99yf,  when  a;  =49  and 

y=-49. 

64.  What  is  the  pi-ice  of  bread  per  loaf  if  an  increase  of  25 

per  cent,  in  the  price  would  redace  the  number  of  loaves 
that  could  be  purchased  for  one  dollar  by  2  1 

65.  Solve  i  (2.r  +  3)  -  1  (3.x  +  4)  =  12. 


66.  Divide  (a;-  +  5x  -  1 4)  (x-  +  8./;  -  9)  by  ./  -  -r  6a;  -  Y . 

67.  Solve  Ix  -  6)  {x  +  4)  -  {x  -  8)  (a;  +  3)  =  0. 

68.  A  father  has  three  sons  :  the  father's  age  is  36,  a:i(l  the 

joint  ages  of  the  sons  is  30.      In  how  many  years  will 
the  joint  ages  of  the  sons  be  equal  to  that  of  the  father  1 

69.  Expand   {m  +  2n-p  +  2q)-. 

70.  Find  the  value  of  A-' +  Ji-\  when  A  =  (2a  +  "20  —  c).  if  = 

{2c  — b-  a)  and  a-^  ~j  tC--  C 
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CHAPTER  VTTT. 

Fractions. 
We  commonly  indicate   the  division  of  one  expression  by 
another  by  placing  the  first  expression  above  the  other  and 
separated  from  it  by  a  bar  or  stroke. 

Thus,  -is  the  quotient  obtained  by  dividing  a  by  h. 

b 

Such  an  indicated  (quotient  is  called  a  fraction. 

The  expression  placed  above  the  line  is  called  the  numera- 
tor, and  that  below  the  line  is  called  the  denominator. 

The  nuK'prator  and  denominator  ;ire  called  the  terms  of 
the  fraction 

Since  the  quotient  is  not  a-.tpx-ic,  ?!  we  multiply  lx)tti  divisor 
and  dividend  Vjy  the  same  quantity,  it  is  evident  that  the  value 
of  a  fraction  is  not  altered  by  nmltiplying  each  of  its  terms  by 
the  same  quantity. 

That  is,  -    =    — 

0  bx 

And  since   tlie  ([uotient  is  not  altered,   if  we  divide  both 

divisor  and  dividend  by  the  same  quantity,  it  is  evident  that 

the  value  of  a  fraction  is  not  altered  by  dividing  each  of  its 

terms  by  the  same  (|nantity 

Thus,  -^.|, 


-.  a'  -  X 

and 


(a-\-xf~H^-x 

A  fraction  is  said  to  be  in  its  lowest  terms  when  the 
numerator  and  denominator  have  no  counnon  factor.  We 
may  leduce  a  fraction  to  its  lowest  tcinis  by  dividing  numera- 
tor and  denominator  by  their  H.  C  F, 
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Exercise  44. 
Reduce  to  their  lowest  tenns  . 

1. 


26. 


4x 

3^" 

2      ^'*. 
10 

3      ^*" 

9a' 

I5a'b 

p.      2ix^yz^ 

,     25^^,, 

20a^6'  50a-?/ V                      30^?>ry/ 

„     ax  +  ay  ^     a;y  +  y-                g       a"  -  i'- 

6a;  +  hy  x-  +  xy                      (a  +  hf 

10  __?!z^fi_.  11     ^^~y'  .  i->    ^'-^^ 

c2  +  2c(£+f/-  "    x^-'2xy  +  y'     "'    (a  -  bf' 

,  .J     X-  +  3a-i,'  +  2y-  ,  ,      a'-  +  2xy  +  y-   ,  _       ?jr  -  2m7i  +  ir 

(-t-  +  y)'  '         (-+y)^            '    m2^r3r/m  +  27i2" 

16     ^'  +  ^^  +  ^  17     j^'-10M-24g' 

a'-  4-  1  "6  ^-  4-  4p^.  +  \q- 

18.    ^iil-11'.  19.             ^^"^ 


x^-\  x'-^^y?^.2^x^\ 

OQ     ^'+  ^  + 1  21      ^""-^^ 

g.^        g^  +  3a-  +  2a^  „„     6  a;-  +  \'ixy  +  6j/- 
a'  +  3a-  +  3a  f  1  (  x"^  +  7a;j^  +  2y^ 

24,        ^-\ 25         («  +  ^  +  c)' 


.x«  +  2x-'+l  o^  _  j2  _  2^c  -  c- 

(a;  +  y)--g'  27      «'  +  &'-  c-  -  c7-  -  2aft  -  2c</ 

x}^\y^zf'  '■  a-  -  (6  -  c  -  c^)-  " 

Exercise  45. 

Complete  the  following  identities  by  writing  the  required 
term  : 

3.    «=_ 
6.  5=_^. 


1. 

a 

2. 

x 

-_ 

h         he 

2/ 

y« 

4. 

in        mp 
n 
I 

5. 

X 

y 

xp 
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7. 

4xy  _ 

a6  c      4a^6c 

10. 

ac 

be        bx 

11.  !'!?=^.           12. 

4ci   _  3 
12a6 

13. 

a-x     a'' -- 

.;;''' 

,  .    a;  +  2 
1*.            = 

a  +  x  ;v  +  3     x"  +  6ce  +  9 

,  -    a;  +  .^     x-^  -  2a--  -  35  .  .    r*  +  26 


+  4i     (J?  +  la6 


,^    o^-    9a-- 10 
1/, 


a'-Vla^'M        a-^-4a+l 


18.  ^^^+iL+15  = ,,^_       1 


6-  +  G6  +    9     6-  -  9  .'X  +  6     ii'  -  6- 

20.  ^i:i^  = 21.  i-c  =  . 


1         a;  -  i;  h  H 

x+y  a+b 


22.  6-c=:  'i-— _-!:.       23.   1= z4.  a 


Exercise  4G. 


Change  into  equivalent  fractions,  having  the  same  denomina- 
tor, the  common  denominator  being  the  L.  C  INI.  of  the 
denominators  : 

2.  ^,  K 

X       X- 

,     a        h        c 
4.  -,  — ,  -7- 

„C  f(t  O.0 

r:      o.  b 

b.i-      a^x      iro 

8    -f_,    J-. 

IQ         a;  +  3  4 

a; +  3      X-  +  4  '  a-  +  Ca  +  8'    a  +  4 


1. 

a 

b 

—  > 

X 

2a;' 

3. 

X 

17' 

a-        a; 

5. 

2 

3      4 

7. 

a 

6 

a+'. 

a  -  b 

9. 

3 

o 
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11.    ^,    ^_±i,    "--l  12  1  ^ 


a-1      a+1  ^-irQic  +  o     x'  +  lx+lO 


13.      "^  "'^  -^ 


f+1  {x+lf    (x+lf 

U.  -^_,  _J_,        "    ,    . : 

6  -  c  6  t- ,;      b'  -  ./    (^  H  cf 

1  ^     x  +  y  X  -      '  x"'  T  n  ^  c  1 

l;j.   ---Ji,  ■,     -^ 16.    («,         ,    — ,    . 

X-  1/  x  +  y     X-  -  if'  !         d      h  -  d 

1  "     1  1 


17. 
18. 


i6  +  c)(c  +  rf)'    (c  +  a)  {a  +  b)'     {^a-^b.  (b  +  c) 

a+b  b+c  c+a 

(!)  _  c)  (c  -  a)'     (o-  a)  (.:t-6)'     ;a  -  6)  (i-c: 


The  sum  of  the    quotients   obtained   by   dividing  several 

numbers  by  the  same  divisor  is  equal  to  the  quotient  obtained 

by  dividing  the  sum  of    the  several   numbers   by  the  same 

divisor. 

n.,     ,    .                       c        b        c        a  +  b  ^c 
i  hat  IS,  1 1 3c 

X  X  X  X 

Also  the  difference  of  the  quotients  obtained  by  dividing 
two  numbers  by  the  same  divisor  is  equal  to  the  quotient 
obtained  by  dividing  the  difference  of  the  numbers  by  the 
same   divisor. 


That  is, 


X        y        ry 


d       d  d 

Hence  we  see  that  any  number  of  fractions  which  have  a 
counnon  denomiiiator  )'iay  be  combined  into  a  sir.gie  frac- 
tion. 


Thus 

a        '(.        a              a 

and 

X              y              z           x—y - z 

b  -c        b  -0        b  -  c  ~      b  -  c 
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T  4  5 

To  combine   -— - + into  a  single  fraction. 

2.x-  -  1      ?x  ;- 1      ix'  -  1 

The  L.  0.  M.  of  the  denominatois  is  4x-^  -  1. 

5  4        ■         ^ 


2a; -1         2a;  fl        4x- -  1 
_  5(2a;+l)_l(>.r-l)^  5^ 


4c;2  -  1  4x'  -  I  i-7?  ■  ■  1 

10;>j+5-8a;  +  4  +  r^ 

4x^-1 
2r+14 


4ar-l 


io  combine  .  + + 


ab  be  ab 

Tae  L.  C.  M  of  the  denominators  is  abc. 

a-h        b  -  c        c  -  a 


ab  be  ca 

aw  —  be        ab  -  ac        be  — a': 

+ ,    -  +■ 


abc  abc  abc 

ac  -  be  +  ab  -  ac  +  b3  -  ab 


abc 

0 

abc 

■0. 

Exercise 

47. 

C'ombine  into 

a  singi 

c  fraction  : 

1      •■•■  ^  J^ 

0 

2.» 

1. 

i:       6 

2^ 

3         t 

3. 

2x  "^  3x- 

4. 

3a;       4x 

f). 

•'c     ^     2/ 

a;           y 

x+y     x+y 

j;  -  y     X-  -  y 

7. 

4           3 

S. 

X     _     y 

a+y     X -y 

x+y     x-y 
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9.   J--J-.  10.  -1..--L. 

11.  --J 4-     ^     .         12.  ^J:i'+'^^::1^. 

.r(;r  +  </)     a:(a:  -  v)  x~y     x  +  y 

1.3.    ^  +  Jl._..-_'L.,.         14    ... -^  -  _1.-  +  ^^ 


15.    _^ 

16 

17 


a +  '2     a -2     a^  -  4  a;  +  .y     x  —  y     o^  -  y'' 

1  1 


.r^  +  2.7;  +1      x^  +  ix-i-  ^/ 
2  3 


-x^  -  3a-  +  2     a:^  -  1 

a:  +  4  a;  +  2 


.r^  +  5.r  +  6     x^  +  4.r  +  3 

18.   1  +^f  A..  19.  ,.  +  ^^!±^-  A  . 
a  +  b     a  +  b  ^  -  y       ^  +  y 

20.  ^^  +  ^_.  2;.  J_  +  ^  + 


01L9 


22. 


r  -  y     y  —  X  <".  -h     a  +  b     b-  —  a^ 

1  1  .  ] 


{a-b)(a-c)     {b-a){b-c}     {c-a){c-b) 


23.  J_- J_  +  ^-^, 

a-1      a-2     a+2     a+j 

24.  J_-^+i-_^  +  l. 
ic-i      ic— 1      rc^-l 


To  multiply  . —  and 

b  d 

Since  the  product  of  quotient  anci  divisor  Li  the  dividend 

a        , 

.  .   X  b'^C. 

b 
Also    X  rf  =  c. 

d 

a          c        ,  J 
.-.  .^_  X X  bd~r.r.. 


a  c  ic 

~b    ^  d^~M 
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Hence  the  product  of  two  fractions  may  be  written  as  one 
fraction,  whose  numerator  is  t  he  pr  duct  of  the  numerators  of 
tlie  two  fractions,  and  whose  denominator  is  the  product  of 
the  denominators. 

Evidently  we  may  find  tlie  product  of  any  number  of  frac- 
tions, by  jnultiplyii.g  toget  .;r  the  nnmerators  for  a  new 
numeratoi-,  and  the  denominators  for  a  new  denominator* 

lo  multiply ,  and -. 

ic        Acid  iox 

T,,  J     ^  •    2axSbx^i<  lOr-d 

Ihe  product  is  — — — — —        > 
5c  X  iad  X  7fi:c' 

^,     .  .       QOabc'dr 
that  IS, 

This  result,  when  redj:c?d  1  d  lowest  terms,  is 

3bc 
7  ax 
We   may  shorten  tiio    work   by   cancelling  like  factors   in 
numerator  and  denominator,  just  as  is  done  in  arithmetic. 
Thus  : 

a-  -  h^        x  +  v  c 

X'-y''        a  -  c       {a  +  by 
_  {a  -h)  (a  +  b)   ^   x  +  y_  ^  _     c 


(x-y){x  +  i/)       a-b        (a  +  bf 


c 


{-■-y)  (a  +  b) 


Exercise  4^. 


Find  the  following  products  in  their  lowest  terms  : 

,      2x  Wni  o     'la-  U"c 

5y  4ar  G/>c  4arf 

n      a  b  c  .      a"  ?/*     ^     2' 

3.   ^-     X     —     >^         •  4.        _    X    -: —    X 

b  c  a  t/2  zx  Jry 


ELEMENTARY   ALGEBRA.  129 

5zw  ^yw         Zyz  b^  c"  a 

7    _^±L    X   -'_!?  3  lii±^''^'    -•:  ^~^. 

■  (a  -  ^^7  «---6  ■  '.C'-y'  X 

9     «  +  ^     X     ^-^  ,  iC,  -i  -   '^-    ^"^-^^    X   ^±^. 

a- -a*         a6  +  i''  '   '  x-:  \         x  +  2  x 

11.  ^!:J    X    ^ti    X    -1%. 
£c^-4  rc-i  .;t;42 


12. 


15. 

16. 


(x-|-y)2    ^         a?  -y^ 
{x-yf         x^  +  1 

13.  ^       '       X    — 
ar^  +  4a;  +  4         a;*  +  4a;  +  3 

14.  - X      . 

a'  +  ab-ilP  a  +  b 


m-  +  4:mn  +  3w^ 
m?  —  4rinn  —  bn' 
a?-  1  ar-  1 


(a^+1)^  a;''  +  a;+l 


a;2  +  5a;  +  6         a^  +  bx  +  i    ^    x  "-l 
X    — r ^—    X    —    . 


J^b)"^^    "    (T^^'^'-'-o'    ■■    ^'^b+'cf    ""    a~b  +  c 
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To  divide         hy 

b             d 

ri.          ad 
bince  ^-- 

he 

c 

X       — 

d 

a 

~  T' 

a 

('. 

ad 

■"■  T 

"    ~d 

be' 

But    "^ 

be 

a 

b 

d 

X . 

I' 

a 

'      b       ' 

c 
d 

a 

X 

6 

d 

e 

Hence  we  see  that  to  divide  l.y  Cv  fraction  we  invert  the 
fraction  and  multiply  by  it. 


Thus 

ax      _      ab 
by      '     xy 

= 

ax           XV 

X 

by           ab 

= 

x^ 
¥' 

And 

x'-y'    .    x  +  y 
x"       '       x 

= 

x'           x  +  y 

" 

x-y 

X 
LXERCISE    49. 

Simplify  : 

,     ax    _    bx 
by        ay 

2.   '^^"^. 

.'/■^       by 

..   \ab  .  lac 

q^        m  q 

f.     d^  -b^  ,  a  +  b 
(a  -  6)2  ■  a  -  6' 

g      x^  +  bxy-k-^y^  _ 
x'^-lxy^-lOy' 
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«.    ar- 4_^(.r+ 2)''*  „      x^  +  6x  +  o  ^t  +  5 

x'~9  '  {x  +  3f  '   x-  +  7a:+12^^^4:' 

Q    c-'2d_^      c^  -  Ad-  T^    a' -  1  _^a^  +  a+ 1 

, ,     a-.xv     hxz-      ax- 
il.  — 7^  X -^ 

,„     «- -  4      «--8rt  +  15     rt-2 

12.  -;; ;;;    X     --^    ;. 

a-  -  25       a^  -  rt  —  6       a  +  5 

13.  ^  "  ^^  ^  ^^'  +  y')"^  X  '^"  "*"  ^ ' 
X"  +  y^  '     x*  -  y*       (a:  -  y  J"* 

,  ,  a*  —  h*        ^  a-  +  nb        a  -b 

'   a^  -  2a6  '^  ^2  ~   a  _  6  ^  6(rt  -!-  .^7 

15.  f^±^-:^).^  ^ 

V.x-2     x  +  2/ 


x  +  2/    '    :4-^ 
16.    1  ^/«^  +  ^\. 

V  6  a  /     V  a 
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Cr~A.P'l'ER  IX. 

EQUATIONS    AND    PROBLEMS    INVOLVING    FKACTIONS. 

Whnn  an  equation  involves  fractions,  we  have  seen  that  we 
may  <^('t  rid  of  the  fractions  by  multiplying  both  sides  of  the 
equation  by  the  L.C.M.  of  the  denominators  of  the  fractions. 

T        1  3  4 

lo  solve  = 

X  -2     x-l 

Multiplying  both  sides  hy  ^'x  -  2)  (a:  -  1)  we  ge'i 
3(.r-l)  =  A(x-2). 
That  is,     3.C  -  3  =  4..C  -  2. 
3x  -  ix  =  3  -  S 
aud  X  =   5. 

To  solve 


x-2     X  .'2 

Multiplying  both  sides  by  (a-  -  2)  (a;  +  2)  we  get 
(x-l)(x+2)  =  (x-2)  {x+A\ 
or      X-  +  x  -  2  =  ar^  +  2.1;  -  8 

-  .r  =    —  6, 
and  X  =  6. 


Exercise  50. 

Solve  the  equations  : 

1.  U  i  =  11. 

X        4.C         8 

U.r.      2x 

3.    11    +  J-    +      *     , 
X             X            3.r 

-:• 

4.      1       -    -. 
1+x        3.i: 

•20          39 
X        «  +  2 
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X 


2                3  a  -  4  x-1 

8.   1  +-^    =    1    f  __-. 
X-  -  4  x-2 

q    x-2    _    x+}  ■,,.     "^x  -  G  _    3ic  +  3 

■           '             ~2  '  'IT-l  ~      X  -  2 

1 ,       ..  -  ^      _     x+1  ,^    €iK- 18    _    6a-- 15 

4.C  —  8  3.X'  -  8  3j;  —  7 

1  Q       -i^*^  —  '^              ^X  —  •-)  "y    ]      X  —  O  X  —  O         ^ 

3a;- 8          3a; -7'  "   x^  x+\ 

,_    3x-5     2.T-7     1  Tc     18^--G     24a; -12     , 

15.  . =  1.  lo. — =  1. 

a;  -  1        X-  -  3  2x  -  1  3a-  -  2 

,^3.-1          4^     2    ^  1 

^''  2r-'l    "    Zx-2   "  T' 

X  —  i         X  -  5  2x 


X  - 

4 

X 

_  2 

4x 

-16 

2x 

-6 

18. 
19. 
20. 


a;  -  5  a;  -  6  (a;  -  5)  (x  -  6} 

a;-7  a;-8_          x-1 

a;-8  ~    ^9    ~  x' -  17.r  +  72' 

x-  i  z-5  x-1         a; -8 


x-f)  3"-6         a;-8         a;-9 

21    —^    +  •'*'  ~  ^    =    ^+2         a--7 

a;-l  a; -6  x  a;-5 

99   3_±5  -  i±:^  -   111^  =   1 

^"'  '3  -.-c  2-x         1-x 

22.  ^'-^+^    +    ^^+^    =   2x. 
rr  -  1  a-  +  1 


24. 


4c +  17  ^  3c -10 

2+3  2-4 

2B.   J-+     '  ' 


2+2       2  +  3       Z"''  +  52  +  6 

26.  J(.r-l)-lra--l+l(a--|)  =  0 

'">  1  6 

27.  -—  +     ^  ^ 


2y-5     2/-3     3^-1 
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23    6.r+l       2a; -4      2.V-1 


15        7x--16         0     ■ 

29. 

x+2_^3.c-l  _^  1  _6.r+-. 
2            5          «           « 

30. 

3      3s      4        ^      i^' 

31. 

3       3y  -  7        3 

32. 

X      6  -X        3        a  -  "^ 
2          6        x~L         3    ' 

33. 

3         a;  -1  1          .x2 
.T  -  1      .X-  -  1      1  -  x- 

34. 

x(x-4)(x~Cy){x-8)    =    (^---r.  (a. 

■  3)  (^'  -  •'>;  ("  •  9)- 

:^r^ 

3                             5 

(3.x  -  2)  {2x  -  5)     (5x-  9)  (2a;  -  3) 

36. 

2/-3y+l_2y-3 
2/--2y  +  2       y-2' 

37. 

•''■+^  +  (a;+2)^  :--:  (a; +1)2. 

38. 

.r       .T  -  4      13-2.r_8-.-c       7 
4         32    "*"      40             2          8  ' 

39. 


Hx-1\. 11:1^1)  =4i 

6   \  3  /       6   \  5        7  /  9 


Exercisj:  51. 

1.  Divide  108  into   two  parts,  so  that  25%  of  one  part  may 

equal  20%  of  the  other  part. 

2.  What  number  subtracted  from  tlu^  denominator  of  |  will 

make  the  fract.'on  equal  to  |^  ? 

3.  Wliat  number  must  lie  subti-acted  from  the  denominator 

of  j''^  ^"d  atlded  to  the  denominator  of   ^  to  make  the 
resulting  fractions  equal  ? 
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4.  What  number  must  I  add  to  the  numei'ator  and  subtract 

from  the  denominator  of  ^^  to  make  the  fraction  equal 
to  I? 

5.  Eight  times  a  number,  consisting  of  two  digits,  is  equal  to 

three  times  the  number  comjwsed  of  the  digits  reversed. 
If  the  units  digit  is  5  greater  than  the  tens  digit  in  the 
former  number,  find  the  number. 

6.  Find  the  number  whose  one-half  and  one-lifth  exceeds  its 

one-third  and  two-seventlis  by  34. 

7.  What  number  subtracted  from   both  numerator  and  de- 

nominator of  f  will  reduce  the  fraction  to  ^  ? 

8.  What  number  added  to  the  numerator  and  denominatoi' 

of  Xf-  will  make  the  fraction  equal  to  2  ? 

9.  What  number  added  to  the  numerator  and  subtracted  from 

the   denominator  of  |-  will  make  a  fraf'tion  equal  to  -j^y  1 

10.  What  number  added   to   the  numerator  and  subtracted 

from  the  denominator  of  |^  will  make  the  same  fraction 
as  when  twice  the  number  is  added  to  the  numerator 
and  also  subtracted  from  the  denominator  of  |^  ? 

11.  A  company  took  a  risk  at  4%,  and  reinsured  |-  of  it  at  3%. 

The  premium  received  exceeded  the  premium  paid  by 
827.     Find  the  amount  of  the  risk. 

12.  A  man  lends  S375  at  a  certain  rate  of  interest,  and  $412 

at  a  rate  2 '(  higher.  If  the  interest  for  one  year  from 
both  investments  is  $47.59,  find  the  rate  at  which  each 
was  lent. 

13.  A  man  sold  a  horse  at  20%  profit.     If  the  horse  had  cost 

him  S40  more,  and  had  sold  for  the  same  amount  as  be- 
fore, he  would  have  lost  5°/^.     What  was  the  cost  ? 

14.  A  man  divided  a  fann  among  three  sons.     To  the  first  he 

gave  110  acres  ;  to  the  second  f  of  the  whole,  and  to 
the  third  1  §  as  much  as  to  both  the  others.  How  many 
acres  did  the  farm  contain  1 
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15.  A  man  has  a  certain  sum  of  money  invested  at  47„,  and 
3  tiints  tliat  amount  at  6'  From  both  investments  he 
ol;tain.'3  an  income  of  $382. 14.  What  is  the  total  amount 
invca^cd  ? 

IG.  A  quantity  of  goods  was  sold  at  25°/^  gain  ;  but,  had 
they  cost  $40  less,  the  gain  at  the  same  selling  price 
would  have  been  35%.     What  did  the  goods  cost  ? 

17.  A  person  gave  5  cents  each  to  a  number  of  beggars,  and 

had  11  cents  left.  He  found  that  he  would  have  requir- 
ed 22  cents  more  to  enable  him  to  give  the  besjears  8 
cents  each.      How  many  beggars  were  there  ? 

18.  Divide  78  intj  two  parts,   so  that  9%  of  one  part  mav 

equal  1 7  \^  of  the  other. 

19.  In  builuing  a  house  the  owner  pays  twice  as  much  for  ma- 

terial as  for  labor.  Had  he  paid  6%  more  for  material 
and  7%  more  for  labor,  the  house  would  have  cost 
$10,144.     What  was  the  cost  ? 

20.  A  merchant  bought   100  barrels  of  flour,  part  at  $7  per 

barrel,  and  the  remainder  at  $5  a  barrel.  By  selling 
the  former  at  ISV  gain,  and  the  latter  at  14%  loss,  he 
jusc  cleared  himself  on  the  transaction.  How  many 
barrels  of  each  did  he  buy  ? 

21.  A  grocer  spent  equal  sums  in  tea,  coffee  and  sugar,  making 

12%  on  the  tea,  8%  on  the  coffee,  and  losing  15% 
on  the  sugar.  His  total  gain  being  $63.50,  tind  the 
cost  of  each  commodity. 

22.  Divide  $500  into  two  parts,  such  that  the  simple  mterest 

on  one  part  for  4  years,  at  6°/^  per  annum,  may  bo  $12 
more  than  that  on  the  other  part  for  6  years,  at  5°/^ 
per  annum. 

23.  Find  a  number  consisting  of  two  digits,  whose  units  digit 

exceeds  its  tens  digit  by  5,  and  when  the  number  is  di 
vided  by  the  sum  of  the  digits  the  quotient  is  3. 
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2i    What  number  divided   into  367  will  give  a  quotient  21 
and  a  remainder  10  ? 

25.  A  can  do  a  piece  of  work  in  in  days,  and  B  in  a  days.      In 

what  time  can  they  do  it  working  together  1 

26.  A  and  B  working  together  can  do   a    piece  of  work  in  p 

days,  and  A  can  do  it  alone  in   q   days.       In  what  time 
can  B  do  the  work  himself  ? 

27.  A  can   do  a  piece   of  work   in  x  days,  and  B  in  y  days. 

How   long   will  it  take   B  to  finish   the   work  if  A  has 
worked  at  it  z  days  1 

28.  A  can  do  a   piece  of  work   in   10  days,   and  B  in  m  days. 

If  both  working  toget'.ier  could  do  it  in  6  days,  find  in. 

29.  A  can  earn  ^ni  a  day,  and  B  $>i  a.  day.      If  they  work  to- 

gether, how  much  can  they  earn  in  t  days  ? 

30.  If  they  earn  together  %>,  how  many   days  do  they  work, 

and  how  should  the  money  be  divided  1 


MISCELLANEOUS  REVIEW  QUESTIONS. 
Exercise  52. 

1 .  Multiply  a  +  l>  +  c  by  a  +  b  -  c. 

2.  Show  that  (a  +  b)-  +  2  (a  +  b)  c  +  c'={a  +  b  +  c'f. 

3.  Factor  \  -1x  +  x-  -]f  -  z'  +  '2)jz. 

4.  A  man  receives  $5  a  day  for  his  work,  and  forfeits  .$3  a 

day  for  each  working  day  he  is  idle  ;  at  the  end  of   20 
days  he  receives  $28.     How  many  days  has  he  woi'ked? 

5.  Divide  {x"  +  Zxf  -  7  {x"  +  3a;)  -  1 8  by  x^  +  3x  +  2. 


6.  Show  that  {x  +  ^f  =  x{x+\)  +  \. 

Infer  an  easy  rule  for  squaring  such  a  number  as  20^. 

7.  Find  the  continued  product  (a  +  b  +  c)  (b  +  c  -  a)  (c  +  a  ~b) 

(a  +  b-c). 

8.  Divide  a^  -  b'-  -(?  +  d?  \-  2bc  -  2ad  hy  a  +  b  -c-d. 

9.  Solve  (x  -  ir  -  [x  -  6;2=  4  (x  -  5). 
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10.  Ten  apples  and  six  pears  cost  22  cents,  and  one  apple  cost 
half  as  much  as  one  pear.     Find  the  cost  of  each. 


11.  Find    the    continued    product  of  (a; +  2),  (x  —  2),  (oi^  +  2x 

+  4)and(.x2-2:/;  +  4). 

12.  There  are  two  numbers  whose  sum  is  10  ;  their  product 

is  24|.     Find  the  sum  of  the  cubes  of  the  numbers. 

13.  Find  factors  of  SOx^  -  151a;  +  3. 

I'i.  A,  B  and  C  are  three  houses,  in  order,  along  a  road. 
The  distance  from  ^  to  (7  is  one  mile,  and  the  number 
of  feet  in  the  distance  from  A  to  B  is  the  same  as  the 
number  of  yards  in  the  distance  from  B  to  C.  Find 
the  distance  from  B  to  C. 

15.  Solve  2  (cc  -  3)  (cc  -  11)  -  (2x  -  1)  (.-►•  -  7)  =  100. 


16.  Find    the    value   of   {a  ~bf  +  {b -cf +  {c -af -^    (6  -  c) 

(c  -  a)  (a  -  i) ;  when  a  =  1,  b=  1  and  c  =  3. 

17.  Find  the  continued  product  of  (rt  +  6),  (a-\-c)  and  (a  +  d). 

From  the  result  infer  the  product  of  («  +  1),  («  -  2)  and 

J'' +  3). 

18.  The  sum  of  two  nurabers  is  20  ;  the  dilTerence  of  their 

squares,  20.     What  is  the  difference  of  the  numbers  ? 

19.  Find  two  numbers  whose  difference  is  10,  and  whose  sum 

diminished  by  10  is  10. 

20.  Solve  a;  (x  -  3)  (a;  -  7)  =  {./•-  1 )  (.r  -  4)  (a-  -  5). 


21.  Find  factors  of  (a;-  +  4a:)'  -  9  {x'  +  Ax)  -  36. 

22.  Find  the    expression  which   multiplied   by   \-y-z  will 

give  1  -  2/^  -  3ys  -  z^. 

23.  Simplify  a  -  [26 -f- {3c  -  3a- (a  +  i)}]  +  2a -(i  +  c). 

24.  Divide  (a  +  6  4-  c)  {be  +  ca  +  ah)  -  abc  by  a  +  b. 

26.  Solve  (x--6)  (x  +  2)  +  (5  +  a:)(a;-5)-(7+x-)  (2a;-3)  =  0. 
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26.  If  2s^a  +  b  +  c,  show  that  16s  (s  -a)(s-  b)  (s-c)  =  26^  c^ 

-f  2c2  a"  +  2a^  p-a*-b^-  cK 

27.  Put  a +  3  for  x  in  the  expression  a:^  -  605^  +  1 2a;  -  8,  and 

arrange  the  result  in  descending  powers  of  «. 

28.  Show    that  tne   sum  ot    rhe  squares  of   two  consecutive 

numbers  is  gi-eater  than  twice  tneir  product  by  1. 

29.  What  value  of  x  will  make   (x  +  a)  (a;  + 6)  greater  than 

(a;  -  2a)  (x  -  3b)  by  32,  where  a  =  1  and  6  =  2  ? 

30.  Show  that  the  sum  of  the  cubes  of  any  three  consecutive 

whole  numbers  is  divisible  by  three  times  the  middle 
number. 


31.  Factor  SOx"" -73xy  -  by\ 

32.  Show  that  2  (a^  +  b'  +  c^  -  3abc)  =  {(a  -  bf.  +  (b-cy  + 

(c-afl  (a  +  b  +  c). 

33.  Expand  (a  +  b  +  cY;   from  the  result  infer  the  expansion 

of  (x  +  2i/-z)\ 

34.  Add  a  term  to  16a^6^  +  2abc^,   which  will  make  the  expres- 

sion a  square,  and  state  of  what  expression  it  is  then  the 
square. 

35.  Solve  {X  -  5f  +  (2x  -  4)^  =  {3x  -  7)'  -  {2x  -  3)1 


36.  Find  the  L.  C.  M.  of  x' -  \,x^  +  l  anda;2-a;+l. 

37.  Simplify +    -^ 

a  +  b  a  -b 

38.  If  a;  =  2,  3/  =  3  and  z  =  5,  find  the  value  ot 

y  -  z  z  —  X         X-  y 

X  V  z 

39.  Show  that  the  product  or  two  consecutive  even  integers 

is  1  less  than  a  square  integer. 

4Q.  gojve  1    +    .A  =  2  +  J-. 

X  ;iaj  'Ix 

J 
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41.  Prove  that  x(.'c+l)  (x+2)  (x  + 3j  +  1  =(x'+ 3.r  +  1)'. 

42.  Infer  from  Ex.  41,  the  .square  root  of  12x1 3x14x1 5+1. 

43.  Solve  i!i±i   =    '^-^. 

.'/•  -  ;5        2x  -  8 

41.   Tlie  sum  of  two  numbers  Js  15.      The  f»-actiou  formed  liy 
dividing  the  less  by  ths  i^reater  is  eoual  to  I       Find  tin; 
numbers. 
45.  Show  that 

,     ,    «-'  +  b'  -  c-    _    (ii  +  h  +  c)  (a  4-  h  -  c) 
^         %^  2ab 


46.  Simplify 

[a^hf-'c-^df    ^    {a-hf-{c-df 
(«  +  ef-{h  +  df         {a  -  cf  -  (b  -  df 

47.  A  sum  of  money  i.s  to  be  divided  among  a  numl)er  of  boy.-s. 

If  8  cents  is  given  to  each  there  will  be  5  cents  over;  if 
9  cents  is  given  to  each  there  will  be  5  cents  short. 
Find  the  number  of  boys. 

48.  Solve<^+^)12..  +  4)   _2^^_ 

(jc-l)    ('.x  +  8) 

49.  Prove  that 

1  +  w  +  \n  (n  +  \)  +  \n{n-\-\)  {n  +  2) 
=  l{n+\)  (n  +  2)(M  +  3). 

50.  Show   that  the  square  of  the   sum    of    two  numbers  is 

greater  than  rhe  sum  of  their  scjuares  by  just  as  much 
as  the  sum  of  their  S(iuares  is  greater  than  the  square  of 
their  differerce. 


J^l<TEBW^:HlJ=bS. 


Ex.  1.  (1)  +30.     (2)  -30.     (3)  -30.      (4)  +30.      (5)  +^. 

(6)  — 4.    (7)    -176.    (8)  A  debt  of  3  dollars  ;  an  asset  of  4 

dollars.     (9)  A  debt  of  5  dollars.      (10)   An  expansion  of 

1|  inches. 
Ex.  2.  (1)  +10.      (2)  -9.      (3)  -3.       (4j  +21.       (5)  -i 

(6)  +2^V     (7)  +42.     (8)  198-2813. 
Ex.3.  (1)  +2.      (2)   +8.       (3)    -8.      (4)    -2.      (5)    -46. 

(6)  -30.     (7)  +20.     (8)  -9.     (9)  +20.     (10)  -61. 
Ex.  4.  (1)  +  8.      (2)  -  8.      (3)  -8.      (4)  +8.      (5)  +28. 

(6)  -331.     (7)  +162.  (8)  +.  (9)  +.  (10;  -. 

Ex.  5.(1)  +3.    (2  -.3.    (3;-.3.    (4)  +  3.     (5)-6.    (6)  +  70. 

(7)  +.     (8)  -.    {9,  -.    (10)  +. 

Ex.  6.*(l)-2.     (2)0.     (3)  -36.    (4)-l.    (5)  -28.    (6) +9. 

(7)  +1.  (8)  -25.  (9)  -9.  (10)  +31. 
Ex.  7.  (2)  -18;  +18;  -12;  +18;  +72.  (4)  -24; 
+  2;  -10;  -14;  -10;  +24.  (o)  + 1  ;  -23;  -46; 
-15;  +62;  -4;  +2400.  (6;  +  10.  (7)-10.  (8)  +  10. 
(9)  -4.  (lO)-lO.  (11)  -10.  (12)  +10.  (13)  +4. 
(14)  +60.  (15)  +14.  (16>+60.  (17)  -  10.  (18) +7. 
(19)  +36.  (20)  -10. 
Ex.8.  (1)  +5a.  (2)  +bnbc.  (3)  +8x-8y.  (4)  ~y-l4x. 
(5)  +f^x.  (6)  +i-«-.,k-.  (7)  +x  +  y  +  z.  (8)+3p^  +  3p 
+  2q.  ( 9 )  ap  +  hq-2 7pq.  ( 1 0)  +  7.t  -  2.xy .  ( 1 1  )  +  1  Sabcd. 
(12)l5x+]2y  +  z.  (13)  -21.r"?32+10y.  (14)  -  5nin 
+  6nl+iOl/n.  (15)  +i2mw.  (16)  -  12a^e.  (17)43*^* 
4-95ojy3.     (18)22^-7  7 
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Ex.  9.  (1)  12a  +  4i.  (2)  5a.  (3)7a  +  22b  +  c.  (4)  8a  -  46 
+  23c.  (5)  49.r  +  36y-24«.  (e)x  +  y  +  z.  (7)13x  +  8y 
+  3z.  (8)  17a -196  + 26c.  (9)  2c  +  id.  (10)  50.j»/  + 
35^2-1  Oz:.-  '  1  i )  o  -  2c.U  [-{j'oc  « 1  2  -  1 6;9^/-  +  45a//c 
-83.  (lS)?^ab  +  lbc~-\^-ccl.  (14; --15.36 -•136c- +l-65ccf. 
(15)  y-x-  -  I'/  +  Ixt/z.  (lb)  2oa6c(/  -  a6^e  -  256crZe. 
(i:)  i3pq  +  i6qr-(jdpr.  (18;  -  29x-y  -  1129a-y2+ 1403 
xyztv.    (19)-  2x-  -  2y  -  2w  +  4a  -  26.     ( -20)  -  f 6  -  |c  -  ^a. 

Ex.  10  (1)  4a +  26  + 2c.  (2)  a  -  26.  (3)  26  +  2c.  (4)  8a-  + 
2y  _  5z  -  IGw.  (5)  -  2a  -  6  +  4c  +  M.  (6)  23x  +  13y  - 
2l2  -  w.  (7)  in  -  ri  -  ;a  (8)  3?u  -  3«.  +  3p.  (9)  2af)  +  6c 
-  ca.  ( 1 0)  -  1  Oxi/z  -\7yzw+l 3zivx.  (11)  2.ry  -  2yc  - 
4s.r.  (12)  5^-7m  +  8w.  (13)  -x-y  +  2z.  (14)  -  26;c 
+  5ca-.      (15)   -  ax  +  5a  +  6. 

Ex.  11.  (1)  .r  +  y-^r.  {2yx-y  +  z.  (3)9a,--5y.  (4)  o. 
(5).T  +  y  +  ;:.  (6)  .r.  (7)  5a;  -  2?/.  (8;  38  -  3a.  (9)  z  -  x. 
(10)  iJ  +  </  +  r.  (1 1 )  a.  (12)  5a  +  fi6  -  8c.  (13)  2h  +  2f/. 
(14)-2.r-2»/.  (15)  a.  (16)  3a;.  (17)26-c.  (18)a;- 
y  +  7z  +  7w.     (19)  3a -36  + 3c.     (20)  2  -  5a;. 

Ex.  12.  (1)  2a-6  +  (-3c  +  4f/-f);  2a  -  6  -  (3  c -'4  f/  +  e). 
(2)  a-b  +  (-c-d-e)  +/;  a  -  b  -  (c +  d  +  e)+J.  (3)  2x 
-3ij  +  [4z-  3.x  -  3y)  +  3s ;  2.c  -  3y  -  (  -  42  +  3a-  +  3.y)  +  3z. 
( 4 )  2a-  -  y  +  (  -  :\x  -  Aij  -  4 .')  +  y  ;  2a;  -  y  -  ( 3.r  +  4y  +  4a-) 
+  y.     (5)    a  +  6  +  (  -  c  -  a  +  6)  "  c  ;     a  +  6  -  (c  +  a  -  6)   -  c. 

(6)  2x  -  3y  +  (42  -  5m;  +  Grt)  ;    2a-  -  3y  -  (  -  42  +  bw  -  en\ 

(7)  3a  -  36  +  (  -  4c  -  4d  ~  e)  ;  3a  36  -  (4c  +  4rf  +  e).  (8) 
2ft^4  +  (-2c-y  +  .32);  2'^-4-(2--  +  y-32).  (9)-a;  +  y 
+  (-z -w-^-du);  -  x  +  y-(z  +  tr  -  Gu).  (10)-ia-  +  Jy  + 
(-i^  +  i^«  -|»);  -hx  +  y-(^z~\w  +  ln).  "(11)  a- 
{b  +  {c-d)-e}.  (12)  2.r- -!3y  +  (42-57^)}.  (IS)a:- 
{y  +  (2  +  3)}-  n4)  a6  { -6c  +  (-ca  +  a6c)}.  (15) 
-'^'•-{  -2/^(~'tr^'.       (Ifi)     -   ia  -  {  -^l,6  +  (^c-W)}. 

(17)  «-  :b  +  (c-.d)-a-d}.     (18).  .r-  {y  +  (     2?  +  «)~ 
2x'  +  a:  -  2i/-w}. 
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Ex.  13.(1)  -12.  (2)  +15.  (3)  +10.  (4)  -Uab.  (5) 
+  15.ry.  (6)  +10»m.  (T)  -1261  (8)  +15.r7y.  (9) 
+  10mV.       (10)    -12//.       (11)    +\ox\       (12)    +10mi8. 

(13)  +  20^*^*^^  (14)  -  la^V-c'd^e.  ( 1 0 )  +  1  Oxhfz\  (16) 
-  ^m^n\  .'q\  ( 1 7 )  -  .rl  (  1 8 )  +  r*.  (19)-  8«^6'.  (20) 
-%a%\       (21)     -2h3.       (22)     +  lGa«?A       (23)    +a-oV. 

(24)    -3Ga;yi3l      (25)    +  a"i V. 
Ex.14.   (1)  ax  +  hx.     (2)  c?n  +  r?m.      (3)  2flx-  +  3/..r.      (4)   7,cm 
+  od-n.     (5)  8fl.x- +  1 2o.r.      (6)  SOcm  +  oOdm.      (7)    -  4aa- 
-■6ia-.       (8)    -9cm-15rf?n.      (9)   -  6rtc  +  8tc.      (10)  -8c 
^  16f/.       (11)  a2+  ab.       (12)   cc/ +  t^-.       (13)  2a^+  2^2. 

a 4)    6.X-3-9.T-.       (15)  a,-^  +  2x-- +  a-.       (16)    3.t*  -  Gar*  -  6ar. 

(17)  a;*  +  ary  +  .r-y-.      (18)  -  ar y  -  x^^/-  -  .ry^      (19)  x'l/-  + 

a^y*  +  y\       (20)   -4a2/,c  -  6«i-c  +  8«6c-.        (21)  z^-xhf. 

(22)  afy"  -   y\     (23)    -    2aV^  -  2aV~  -  2.x-^y~-  -  2a:Vs". 

(24)  o^^y^-e-^^nhc.     (25)  a-^  +  a-y  +  y^ 

Ex.  1 5.  ( 1 )  1x'  +  7a-y  +  G/.  (?)  6a-  +  1 7rt6  +  r  h\  (3)  2a-  + 
7a6  +  66^  (4)  6a- +  17a'y -;  5j/-.  (5)  2??i- +  77>i?i+ 6?r. 
(G)  ^r\\~pq  +  h(iK  (7)  2«-4  3a^'-2'r.  (8)  Gar  -  13a;y 
+  6//-.  (9)  2»r  +  3?»H  -  In-.  (10)  S;r- -  15mn  +  6?i-. 
(11)  2a-  +  17a  +  30.  (12)  21a;2  + 23a- -  20.  (13)  a--  + 
17a-  +  60.  (14)  a-  +  IG.^;  +  GO.  (15)  a-  +  1<U  +  GO, 
(16)  a-- +  23a +  60.  (17)  a-  + 32a  +  G0.  (18)  .t-  + 61a-  + 60. 
(19)aj2-17a;  +  60.  (20)  a- -  lGa;  + GO.  (21)  a-- 19a;  +  60. 
(22)  .-*;-- 23a +  60.     (23)  a- -  32:t;  + GO.    (2'!)  a-- -  Gla  + GO. 

(25)  a-  -  7a-  -  60.  (26 )  a^  +  7a-  -  GO.  (;"7)  a-  +  1  la-  -  GO. 
(28)  a---ll.r-GO.  (29)  a-  +  4j;-60.  (30)  .t- -  4a-- GO. 
(31)a-"+17.x-60.  (32)  a--- 17a- 60.  (33)  ar  +  28a  -  60. 
(34)  a-  -  28a  -  60.  (35)  x-  +  59.r  -  GO.  (36)  a-  -  59a-  -  60. 
(37)  9a=  +  75.r  +  24.  (38)  9 r- -  69a- 24.  (39)9a-  +  42.r 
+  24.  (40)  9a-- +  30a;  -  24.  (41 )  9a-^  +  33a+ 24.  (42)  9a-- 
15a  -  24.  (43)  9a-2  -  33a'  +  24.  (44)  9a;'-  -  36a;  +  20. 
(45)a;^-yl       (46)  a^  _  ^2.       {^n)  in- -i^-.       {\^)f-f. 
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(49 )  4.t2  -  y\  ( 50)  4.t2  -  9y'.  (51)  «'&'  -  c\  ( 5 2)  pY  - 
fe-'/nl  (53)  <»*  -  6*.  (54)  (»*  -  ftV.  (55)  U*  %\ 
(56)  Pm-n'  —  p-gV. 
Ex.  16.  (1)  Gar +  3x2/ +  9x2.  (2)  4.ry  +  2y  +  6y2.  (3)  6^2  + 
7x1/  +  9xs  +  22/-  +  Qi/z.  ( 4 )  a-b  +  a^c  +  a6^  +  ac'-'  +  6-c  +  be'-  + 
3a6c.  ( 5 )  .r^  +  y2  ^  2-  +  2xy  +  2i/z  +  2zx.  (6)  a'  +  i"  +  c-  + 
2ab  +  26c  +  2ca.  (7)  4x-  +  9f  +  \ Gc^  +  1 2a.-2/  +  24i/z  +  1 6zr. 
(8)  x'  +  f  +  z'-  3x>/z.  (9)  ar'  -  v/  +  ^^  +  3xyz.  (10)  a:'  - 
2/  -  2'  -   3x>/z.       (11)   6a'  +   13a^  +  18^2+  iQa  -  12. 

(12)  2a;*-llar'+18a;'-'-21.9^  +  18.  (\3)x*-y\  (H)  5»r 
+  8m* -5m' -8.     (15)  122^+ 172"+ 16^^^+ 102-  +  4z  +  1. 

Ex.  17.  (1)  2x^  -xi/-  8xy  +  1  l.r/  -  4/.  (2)  uf  +  af  +  x''  + 
x^-x*-x^-x'-\.  (3)  8a^  +  27bl  +  c^-l8abc.  (4)  ar»  + 
2/-'  +  3xy  -  1 .  (5 )  a^  +  aV;  -  2aW  -2a-b^  +  nb*-\-  b\  (6)  2x- 
+  A«  -  a;5  -  8.7:*  +  2j;^  -  3/;-  +  ix  -  1 .  (7)  a;«  -  3x^f  +  3ar'2/* 
-  y".  (8)  x~y  +  ./•-:;  +  xy-  +  a-2-  +  2/^2  +  yz^  +  2.r2/2.  (9)  a^b  + 
«-c  +  aft^  +  ac'  +  b\'  +  bc'-\-  2abc.  (10)  x^  +  9x^  +  26.r  +  24. 
(11)  x^  -  9a-  +  26x  -  24.         (12)    * '  +  9x-y  +  26x2,-  +  24y-. 

(13)  ar'-  9x''2/  + 26x2/--  24y.  (14)  x*  +  x-+  1.  (15)  x*  + 
xV-'  +  2/'.  (16)  x"--].  (17)  x^  +  xy  +  2/*.  (18)  12a- -8a. 
(19)  15a-+10«6.  (20)  lOa  +  92.  (21)0.  (22)  -3a- 
+  2a.  (23)  a-ib  +  9<.-.  (24)  (4a  -3b)  x  +  (116  -  f  c-)  y 
(25)    -I2bx  +  4ay. 

Ex.  18.  (1)  (47n  +  5«)x-.  (2)  (2«  +  56  +  c)x.  <3)  (a+6)x 
+  (c  +  d)ar.  ( 4 )  ( 2  +  5c;x  +  ( 3  +  4m)x-.  ( 5 )  {m  +  ?« ]x^ 
-\- (imn  +  pq)  X.  (6)  (2  +  c^)  x  + (^  +  4)x- +  c  ^/)  x^  (7) 
(a'6  +  a262)x  +  {d'b  +  ab-)x-  +  aV.  (8)  (2  -  a)x  +  (  -  c  -  3)x- 
+  (6-c)x^  (9)  (-a-b-c)  x  +  (a-b)  x-  +  {a-c}x^, 
(10)  (3-6)x-2ax-  +  (6-3a)xl  (11)  (x  +  y)2.  (12) 
(x  +  y)  (a  +  b).  (13)  x  +  {a  +  b)  (c  +  (/).  ( 1 4)  nr  -  (m  - 
n){in  +  n).  (15)  (a +  6)'.  (16)  (a +  6)  (a  -  6)  =  a- -  6^. 
Ex.  19.  (1)  b.  (2).  a.  (3)  1.  (4)36.  (5)  +  4a.  (6)  -5. 
(7)a^     {S)xy\     (9)xyV.     (10)  ^a^     (ll)-4xyl     (12) 
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lOajyV.     (13)26.     (li)-xy.     (15)  -  2;>V".      {U)-Sab(^. 
(17)  -be.     (18)  a%cd     (19)-  72.     (20)  bz. 

Ex.  20.  (1)  ft  +  6  +  o.  (2)  a  +  b  +  c.  (3)  2a +  36  + 4c.  (4) 
a +  26  + 3c.  (5)  ."a -56  + 46c.  (6)  2a  -  46  +  3c.  (7) 
2bi/  -  ab  +  Sb^xri/-.  ( 8)  4ay-  -  Qaxi/'  +  5aV.  (9)  ac  + 
2ad+3cd.     (10)  4a''^6  -  a62c  -  2c-^c^- +  1 . 

Ex.  21.  (1)  a; +  2.  (2)a;  +  2.  (3)a;  +  3.  (4)a+l.  (5)a:  +  2. 
(6)  a; +  6.  (7)  a -2.  (8)  a; -7.  (9)  a  -  4.  (10)  a; +  2. 
(11)  m  -  2.  (12)  c  -  6.  (13)  o;  +  y.  (14)  a;  +  y. 
(15)  a; +22/.  {U)x  +  2y.  (17)a-126.  (18)m-7n. 
(19)  3x+2.  (20)  a; +  6.  (21)  x^  +  Sx^y  +  3a;y2  +  y^ 
(22)«i^-3m2  +  4m  +  l.  {23)  sc"  -  x  -  2.  (24)  2^*  -  V+ 1- 
(25)  j?-xy  +  y-.  (26)  ic'y  -  3a:y  +  1 .  (27)  2x^y^-xyz 
-  32^.  (28)  2  +  X-  -  x-'-'.  (29)  a*  -  a36c  +  a^^^c^  -  a6V  +  6V. 
(30)  m2  +  2m-3.  (31)  x  +  y  +  l.  (32)  a  -6  +  1.  (33) 
«  +  6  +  c,     (34)  a-  +  3y.     (35)^  +  2r/i.     {3^)  x  -  y  -  z. 

Ex.  22.  (l)-7.  (2^14.  (3)-5a  +  6c.  (4)1.  (5)a.'«-a;^- 
x+\.  (3)  a  +  26+c.  (7)  2a^-26^  (8)  x'--2x  +  4:. 
(9)  17.  (10)  0.  (ll)-2-.r-3a'•^  (12)  1y''  +  Zxy-x\ 
{\3)\+x  +  x'  +  x^  +  x\  (14)-G.  (15)8.  (16;-2^c  +  2a''. 
(17)  x^-  bx'y-  +  4/.  (18)  3a  -  24a6.  (19)  x^  +  2ary  +  3 
xy-  +  4yl  (20)  15.  (21)  x^  +  3x-y  +  Sxy^  +  y\ 
(22)  3a2-14a6  +  86^  (23)21.  (24)  -  2|.  (25)  a  =  4, 
6  =  6,  c  =  6. 

Ex.  23:  ( 1 )  a:^  +  2xy  +  /.  (2)  y^  +  2yz  +  z'.  (3)  m''  +  27nw  +  n-. 
(4)  4^-- +  4a;y  +  y-'.  (5)  4y-'+ 12^2  +  Oz.  (6)  9?M''  +  24??jn 
+  1  Gnl  (7 )  x'  -  2xy  +  y-.  (8)  y-  -  2yz  +  z^.  (9 )  7ji2  _  Oj/i 
n  +  nl  (10)  4a;2  -  4a;y  +  y\  (11)  4y-  -  12y2  +  ^z'. 
(12)9m2-24nm+16«l  {\3)  ip- +  ipt^  +  q\  (li)  aW  + 
2abc  +  c-.  (15)  a26- +  4a6c  +  4cl  (16)  49a26'^+ 42a6  +  9. 
(17)  ixY  +  20a;y  +  25.       (18)   9mW  -  247n7ia  +  16al 

(19)a:2  +  3x  +  2^.      (20)a:^  +  ^'+i-.     (21)  4a^+ ?|?  +  1. 
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(22)    4x^-1^'  +  -.       (23)    4a'  +  Cab  +  ^^'.      (24)  Om^^ 
5       25  4 

5       26      ^     ^  ^  *^        4  '  2         16 

(27)  ix*  -  2x^  +  — .   (28)  4  -  2x-  4-  --.  (29  20-  +  2  x  20  x  3 
4  4 

+  32  =  529.  (30)  1024.  (31)  3721.  (32)  10609. 
(33)  10404.  (34)  11025.  (35)  lOlOO^  (36)  9900^. 
(37)  1006009.  (38)  40020001  (39)  2xy.  (40)  -2xy. 
(41)  y\  (42)  iy\  (43)  25.  (44)  9. 
Ex.  2^.  (l)  (x  +  i/f.  {2){x-y)\  (3)(a  +  i)^  (4)(c-c// 
{P){x  +  2y)\  {G)(x-2yy.  (7i{2x+lr.  (8)(a  +  26)^ 
(9)  {a  +  hcf.      {I0)(3p~2gy.     (U)  (iy  -  If.     (12)  (a:  + 

1)^     (13)(J  +  l)l     (14)    (?^^l)^       (15)    (2a6-c^ 

(16)   (-^-Ay.     (17)(:"+^y.     (18)  (4 -X)-    (19) 
\   4         ox-  /  \  y        a;  / 

(5«-4)=.  (20)  {{a +  b)  +  c}\  {2\){{x  +  y)  +  z]\  (22) 
{(a  +  5)  +  (c  +  c/)}l 

JliX.  25.  (1)  (m  +  n)l  (2)  (j(j  +  ?y-'.  (3)  {2x  +  yy.  (4) 
{>n  +  3f.  {D){p  +  if.  (Q)  (2x  +  Zy.  (7)(m-»,-.  (8) 
(j.-9)^.  (9)  (2x-2/)l  (I0)(m-3l  (11)  (j.- 4)^. 
(12)(2a;-3)l     (13)(x-8)-.     (14)(y+l)^     (15)  (« -  2)-. 

(16)(.r  +  -|y.  {I7)(y-^y.  i\8)  (2z  +  ^y.  (19) 
{xy  +  2y.  (20)  {2ab  +  2y.  (21)  (;>9  - -^  )'• '  (-) 
{^^xy-ly.     (23)    (|-+1)-'.      (24)    (|  + 1)^       (25) 

(m  +?i)-  or  (»i  -  nf.  (26)  (p  +  gf  or  (/>  -  5')".  (27) 
{\  +  a)-  or  {I  -  af  (28)  (l  -  af.  (29)(3  +  m)-.  (30) 
(8a+l)l       (31)    (27H/i  +  l)-.       (32)    (3m  +  »m)-.       (33) 

(x4-^^-y.     (34)    (^+-^y-     (35)    {x  +  cf.     (36)    (2x  + 
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±y.  (37)  (2x+-^y.  (38)(2r+l)l  (39)(l  +  x-)l 
(40)     (y  +  2x-)-''    or     {^-2xr.       (41)    (-^  -  ^^'-       (42) 

Ex.   26.   (i)  X-  'if.      (2)  7n2-r>A      (3)  6- -  cl        (4)  P  -  Ac-. 

(5)  im'^-n-.  (6)  4m2-97r.  (7)  a;- -49.  (8)  a- -16. 
(9)  x""-!.  (10)  l-a:2.  (11)  l-4.c2.  (12)  9  -  4.c''. 
(13)  Aa'i;'  -  tl       (14)  a-6-  -  4c--.       (15)    16/rHr  -  25;r. 

(16)  4a262_^.  (17)  a4_/A  (18)  4a'-Pc\  (19)  a-  + 
2ai  +  6'-cl  (20)  a- + -lab +  P-c\  {21)  ia""  +  i ab  +  b" 
-  icK  (22)  ia^  +  12a^>  +  96-  -  \c^  (23)  F  +  2/h  +  u-  -  w-. 
(24)  4a2+12ac  +  9c2-6l  (25)  a? -b''  +  2bc  -  c".  (26) 
4a2-&2  +  66c-9c2.  (27)  x^  +  x'  +  l.  (28)  a*x-*  +  a'x^-l- 1. 
(29)  a:*  +  a:y  +  2/*.     (30)    1  +  a;^  +  x». 

Ex.  27.   (1 )  (c  +  d)  (c  -  d).      (2)  (/»  +  n)  (m  -  7i).      (3)  (^  +  r) 
(g-r).       (4)    (ax-  +  y)  {ax  -  y).       (5)    (x  +  yz)  {x-yz). 

(6)  (a:y  +  zw)  (xy  -  szt^).  (7)  {2iyi  +  n)  {2in  —  n). 
{9,){^p  +  2q){^p-2q).    (9)  (4x'  + 32/)(4a- -  3yV    (10)(2+a;) 

{2-x).      (11)  (3  +  2y)(3-2i/).      (12)  ^1+^.)  (l-^). 

(13)  {2ah  +  a;y)  {2ab  -  a-y).  (14)  (x-  +  3)  {x-  -  3). 
(15)    (4  +  y")    (4  -  v/^'.      (16)    Oahc  +  3)  (7a6c  -  3). 

(17)  (ab\  +  d^)  [ab-c  -  d'').  (18)  (1  +  iabc)  {\  ~  iabc). 
(19)  (5  +  ipq")  (5  -  4/>(^^).  (20)  (1  +  bpq)  (1  -  bjiq\ 
(21)  (9a  +  56)  (9a  -  56).  (22)  (a^  +  56)  (a^^  -  56). 
(23)  (a2  +  62)(a  +  6)(a-6\  (24)  {a' +  b'){a' +  b''){a  +  b) 
(a-b).        (25)    (4  +  a2)    (2  + a)    (2 -a).       (26)  (25x-'  +  y') 

{5x  +  y){5x-y).    (27)  (1 +xyj  (i- -  xy).    (28)(6V  +  16) 

(6V  +  4)  (6c +  2)  (6c -2).  (29)  (x*  +  y*)  (x'^  +  y-)  (x  +  y) 
{x-y).       (30)    (a*6^  +  c*)    (0^6^  +  c^)    (a6  +  c)   (a6  -  c). 
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(31)  (27  +  23)  (27-23)  =  50  x  4  =  2*ol  (32)  2*-5^-3. 
(33)  5'-3'^-43.  (34)  (a  +  6  +  c)(a+6-f;)-  (35)(a  +  i  +  c,i 
{a  +  h~c).  (36)  (2a  + />  +  c)(-2a  + 6 -c).  (37)  (a  -  26  +  2c) 
(«-2^»-26-).  (38)  (a  +  6  +  c)  («-^-c).  (3.1)  (a  +  6  +  c) 
(a-6-c).  (40)  {a  +  b-c)  {a-h  +  c).  (41)  (3,c-2y 
+  5«)  (3.r-2y-54  (42)  4ry.  (43)  [a  +  h  +  c  +  d) 
(a  +  b  -  c  -  c/;.  (44)  (a  -  b  +  c  +  d)  (a  ~  b  -  c  -  d\ 
(45)  (a  -  2^;  +  2c  -  c?)  (a  -  2i  -  2c  +  t^^.  (46)  (3  +  2x  -  yj 
(3  -  2.7;  +  y).  (47)  (a  +  J  -  ,;  +  ^)  (a  -  6  -  c  -  c/  . 
(48)  (2a  +  36  +  c-5«^)  (2«-36  +  c4-.':rf).  m){'3?^xy 
+  f)  {oc'  -  a-//  +  y^l.  (50)  (.T- +  :Ky  +  y2)  (^.;r?  -  xy  +  y-  . 
(51 )  (a;2  +  ir-  +  1 ;  (x--  -  .X  +  1 ). 
Ex.  28.  (1)  a;2-f5a;  +  6.  (2)  a;'' +  8a;-;- 15.  (3)  a;'-"-!- 18.r  + 77. 
(4)  'J?  -  5a;  +  6.  (5)  a;-  -  8a-  +  15.  (6)  x""  -  18a;  +  77. 
(7)  s?  -  a-  -  6       (8)  X-  -  2a'  -  15.       (9)   a;'  -  4a;  -  77. 

(10)  a;^-^a--6.  (11)  x-  +  2a;-15.  (12)  x'  +  ^x-ll. 
(13)  m^  +  2m  63.  (14)  (^2^  2c/ -63.  (15)  y^^  2y  -  63. 
(16)  mV+  2//^M  -  G3.  (17)  r/V  -  2(/e  -  63.  (18)  yV-t- 
2y2  -  63.  (19)  A£  -  4x-  -  15.  (20)  ^y''  -f-  12y  -  77. 
(21)  9^2  _  422  -f-  48.     (22)  4yftV  +  Umn  -  72.     (23)  9a-iV 

-  6a5c  -  63.  ( 24)  1 6.xy  -f-  32a;V  -  65.  (25 )  9ay  + 
72a7/-hll9.  (26)  a- +  6a- -i- 9.  (27)  m--|- 22m-(- 121. 
(28)  4a:- +  20a- -f- 25.     (29)  4m- +  28m +  49. 

Ex.29.   ( 1 )  a;-  +  3rt.x-  +  2a-.      ( 2 )  a;-  +  76x  +  1 2il      /  3 )  .r"  -  2a.r 

-  8rr.  (4)  a;'''  +  hx  -  1 2/>2.  (5)  Ax?  +  8o.a;  +  3a-.  (6)  9a-  + 
%x  -  2861       (7;    \^m-n'  -  iwnp  -  2pK      (8)  a^iV  +  Saf>rx 

-  10.r.       (9)  .-c-   -  3,ry  -   10/.       dO)  9x-  -  9xij  -  lOy'. 

(11)  4x-2  -  32aa-'^  +  63al     (12)  9a'^  -  1 006-.     (13)  1 00^m-»- 

-  40^/n?ia;  -  45,c-.  (14)  xvf  +  xyz  +  .rrytv  +  sw.  (15)  (a  +  6)- 
+  5  (a  +  6)  +  6  =  a-  +  2a6  +  b'-  +  5a  +  56  +  6.  (16)  »*'-'  +  2mn 
+  tr  -  m  —  11-  30.     (17)  4?>r  +  4;/;  n  +  /r  —  lO^Ji  —  5?i  -  1 50. 

( 1 8)  a^  +  2a6  +  6'^  +  7a  +  76  +  1 2.  (19)  «r'  +  2m«  +  li'  +  3/n 
+  3n-70.     (20)  a;'^  +  2a;-63.     (21)  16?7i-n- -  24mri  -  55. 
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(22)  a-  -  2ab  +  b^  +  7a  -  7ft  -  30.  (23)  ,»r  +  ixy  +  if  -  bxz 
-  lOyz  -  24s'.      (24)    ix-  -  1 2xy  +  Ot/^  -  6.rs  +  9.7/2  -  \0z^. 

(25)  hn-n-  +  I2mnp  +  9//-  -  G/nw  -  9p  -  28. 

Ex.  30.  (1)  (a;  +  3)(a;+l).  (2)  {x  +  6){x  +  l).  (3)  (x+S) 
(,r  +  2).  (4)  {,:  +  A)(x  +  3).  (5)  (x  +  o)  {x+3).  (6) 
(^  +  4)(.x  +  2).  (7)  (y  +  7)  (y  +  3).  (8,  (.y+7;(y+l). 
(9)  (y+10)  f.y  +  2).  (10)  (y+12)  (y  +  2).  {\l)(y-^) 
(y-2)  (12)  ry-3)(y-l).  (1.3)  (m  -  4  :  (m  -  4).  (14) 
(m-G)  (m-4;.  ^15)  (w  -  7)  r?»-.'5).  (16)  (m  -  8) 
(w-2).  17)  ('m-.5)  (m-r)\  (IS)  (???  -  9)  («*  -  1). 
(19)  (^/-12)  («-2  .  (20)  («-G)  (a-4\  ;21)(«  +  12) 
(a +  2).  (22)  («  +  6)  (a +  4).  (23)  (mn  +  i)  (mn -r2l 
(24)    (;^<?  -  3)    {2)q  -   1).       (25)    (am   -   G)    (am  -   2). 

(26)  {am  +  11)  {am  +  1).  (27)  {x>/z  -  17)  (.ryz  -  3). 
(28)  (aft -19)  (aft -1).  (29)  (a  +  6)  (a  -  2).  (30)(ft-6) 
(ft +  2).  (31)  (m-9)  (m  +  7).  (32)  (>n  +  9)  {m-7). 
(33)  (.K-7)  (x  +  3).  (34)  {x  +  7)  {x-S).  (35)  (y+9) 
(y-3).  (3G)  (y-9)  (2/  + 3).  (37)  (a +  8)  (a -4).  (38) 
(ft-9)(ft  +  l).  (39)  (a- -2)  (a;-  3).  (4U)  {x+7)  (x  -  2), 
(41)  (ft -2)  (ft -5).  (42)  (2/+ 11)  (y- 2).  (43)(a.r+10) 
(aa--7).  (44)  {ax-li)  {ax  +  o).  (45)  (a  +  2ft)  (a  +  ft). 
(46)  (a-  +  3i/)  (./•  +  23/).  (47)  (c-16(Z)  {e  +  d).  (48) 
(?i  +  2;?)  {n  +  2p).  (49)  ( j;  -  2O2/)  (.X  +  3.?/).  (50)  [x  +  2Qy) 
{x  -  3y).  (51)  (2.r  +  5)  ( 2,r  +  1 ).  (52)  i  3a-  +  5)  {3x  +  7 ). 
(53)  (a  +  ft  +  G)  («  +  ft  +  2).  (54)  [m  +  71  +  1 2)  (m  +  n  -  1). 
(55)  (a  +  ft  -  7c)  (a  +  ft  +  2o  .     (56)  (a  +  ft  -  Zc)  (a  +  ft  -  2c). 

Ex.31.  (1)  .^•-  +  y-  +  ^-  +  2iC2/  +  2y^+2^.r.  *  2)  .'k2+4./;-  +  2-  + 
4.C2/  +  4  ?/2r  +  2za:.  (  3 )  r<r  +  4?/-  +  92-  +  4.ry  +  1 2-jz  +  Gs.r.  ( 4 ) 
X-  +  y-+  z-  —  2xy  —  2yz  +  22.r.  (5)  a;-  +  iy-  -k-z-  +  ixy  -  4yz  - 
2zx.  { 6 ;  ;>,-  +  42/2  +  9^-  -  ix^  +\2yz-  Gzx.  ( 7 )  a^  +  ft^  +  c-  + 
iT-  +  2ab  +  2ac  +  2ad  +  2ftc  +  2bd  +  2c(/.  (8)  a-  +  ft-  +  4c-  + 
9c?2  _  2ri ')  -  4ac  -  6acl  -  ibc  +  &bd  -  1 2cd.  { 9 )  4a,--  +  9y-  + 
162^  +  2ou--  -  I2xy  +  16.X2  -  20a:^i-  -  24y2  +  30^Z6-  -  iOzw. 


150  ANSWERS. — EX.   32-34. 

( 1 0 )  .X*  +  2.x-^  +  3a;-  +  2x'  +  1 .  (11)  x'  +  2x'^i/  +  3a; y  +  '^xy^  + 
y\  (12)  .r*  +  4x-3y  +  6xy  +  4xy  +  y\  ( 1 3)  a,-«  +  2x5  +  3a:*  + 
4ar5  ^  3,.2  +  2./;  +  1 .  (14)  a;«  'Ix'  +  3a;*  -  4.x-''  +  3^;^  _  2^;  +  1 . 
(15)  a«  +  6a^^&  +  \'mn?  +  20aW  +  ISa^fe*  +  6a6-^  +  i«.  (IG) 
(«  +  ?;_c^.  (l7)(./;-y  +  2).  (18)(x  +  2v/  +  34  (19)  (2x 
-y-34  (20)(a-/.-l). 
Ex.  32.  (1 )  'X?  +  3a;  V  +  3ay  +  yl  (2)  ar*  -  3a;V  +  Zxy"-  -  f. 
(3)  Sa-^  +  12ary/  +  ^xy-  +  y\  (4)  a.-^  -  6a--y  +  1 2a:y- -  Sy'. 
(5)  27a;3  +  Mx-y  +  36ay  +  gyl  ( 6)  Tue  -  Ma%  +  3GaA-  - 
86-1  (7)  a»+  12a;2+  48a;  +  64.  (8)  8x-+  1  2ar  +  Ga:  +  1. 
(9)   1  _  6x-  +  1 2a:''  -  8a:^.     ( 1 0)  8.X-'  +  36a;-  +  54.T  +  27.     (11) 

8  _  3Ga-  +  54a--  -  27a".      (12)  8  -  Gm  +  A„^2  _  — .      (13) 

2         y 

c^  +  V'  +  C-"  +  2>d-h  +  3a-o  +  Zalr  +  Sac"  +  36-c  4-  36c-  +  Gaic. 
( 1 4)  See  1 3.  (1 5;  a"-  +  6='  -  c^  +  3rt-6  -  3a-c  +  3a62  +  3rtc-  - 
3^.2c  +  36c2-  6rt6c.  (16)  a;^  82/''+  27s^+  Ga-y  +  ^:^z^ 
1 2ay  +  27a-3"''  +  36/2  +  542/2-  +  ^U-yz.  (17)  8.*;'  -f^^- 
\2xhj  +  12,r2z  +  (Sxt/  +  (Sxz"+  3y-z  -  3y2- -  12a-y2.  (18) 
1  -  3.r  +  6a;-  -  7a--'  +  Ga-*  -  3x-''  +  a-". 
Ex.  33.  (1)  .r'  +  y^  (2)  x'-y^  (3)  r'  +  d'.  (4)  a-^-cl 
(5)  8a;3  +  al  (6)  8«''-r\  (7)  .Ve=  +  il  (8)  8a,-3-27y='. 
(9)  8a^  +  '27h^  (10)  a;=' -  ^V  (H)  x-"  +  i.  (12)  a«  -  6«. 
(13)  «-V'  +  //'.  (14)  a-«  +  yV'' (15)  61.r'+l.  (16)  8-f  ar'/. 
(17)  8nr'  +  27n^  (18)  a'"'- 1.  (19)l+a«.  (20)8.a-='4-i 
(21 )  a--  -  xy  +  y".  (22)  a;-  +  xy  +  y-.  (23)  a"  -  2ah  +  4ft-. 
(24)  4a-  +  Cixy  +  9/.  (25)1  +  2a-  +  U\  ( 26)  4y-  -  y  +  l- 
(27)  25m-+15mM  +  9«^  (28)  7»  -  ».  (29)rt  +  6.  (30) 
2a;  -  5y.     (31 )  Sm  +  1.     (32)  1  -  47n. 

Ex.  34.  (1)  (p  +  q){p'-]>q  +  g%  (2)  (p-q)  {jr+pq  +  q'). 
(3)  (2j)  +  q)(i2r-2p(i  +  q-).  (4)  ( p  -  2q)  ( ^r  +  2pq  + -iq-). 
(5)  {2p  +  39)  (4;r  -  Gpq  +  9q-).  (6)  (3»i  -  1 )  {9m-  +  3m  +  1 ). 
(7)  (2  -  52)  (4  +  IO2  +  252-).  (8)  (lOar  -  y)  (100a;-  +  lOx-y 
+  y-).      (9)  (xy  +  z)  (x-y-  -  x-y2  +  2-).     (10)  {a  +  bc)  (a-  -  abc 
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+  &V).  (11)  {a  +  b  +  c)  {a""  +  2ah  +  ¥  -  ac  -  Ic  +  c"). 
(12)  {a  +  b  +  c){  a"  -  ah  -  ac  +  h-+  2.ic  +  c").  (13)  {a  +  h  -  c) 
(a-  +  2ab  ■T-b-  +  ac  +  bc  +  c').  (14)  («  -b  -  c)  [cr  +  ah  +  ac  + 
h"^  +  2bc  +  C-).      (15)  (a  +  b-c)  {a-  ~  ah  +  ac  +  h--2'jc  +  c'\. 

(16)  (a-b  +  c){a-  +  ab-ac  +  h-  ~  2'jc-tc-.)  (17)  («  +  6-c) 
{a-  +  2«6  +  &-  +  rtc  +  ic  +  c-  .  (18)  (a  -  h  -  c  i  (^a-  +  ah  ■+  ac  + 
6'  +  26c  +  r ).  (19)  {3-a-b)  ( 9  +  3rt  +  3';  +  rr  +  2ab  +  Z;^). 
(24)  (r.--l)  (,r+l)  (r^^-.r+l)  (.x-  +  ,r+l  .  (25)  (2-^/) 
(2  +  2/)(4-2y  +  ?/-y  (4  +  2y  +  y-). 

Ex.35.  (l)(3.r+l)  (2.1- +1).  (2)(3x-+2)(2.f+l).  (3)(3,r-2) 
(2x+\).  (4,  (3.r  +  2)  (2,.--l).  (5)  (ru-  +  2y)  (xH- 2^). 
(6)  (5/j  -  2c)  (6  -  2c)  {7){ryr  +  2dj(r.-2d).  (8,  {5x -\-2i/) 
{x+2>/).  (9)  (4rt-5;  (3r7  +  4).  (10)  {3«-4)  (4«  +  5). 
(11)  (3a- 4)  (4«- 5).  (12)  (12a  +  5)(«  +  4).  (13)(12« 
+  5)  (a -4).  (14)  {]2a-ob)  (a  -  4b).  (15)  (2x  +  3ij} 
{4x  +  oi/\  (16)  (2.x- -  3y)  (4c  -  5;/).  (17;  (2«-36) 
('^rt  +  5b).  (18)  (2a  4-  :h)  {4a  -  bb;.  (19)  {!  Ox  +  1) 
(.X+1).      (20;   (8.C+37/)  (6.c+ry). 

Ex.36.  (1)  a7>.  .2)  abc.  (3)  m-.  (4)  a6-cW.  (5)  3a'A:. 
(6)  12.x-y  (7)  5'fz-.  (8)  76V.  (9)  2/>.  (10)  x^ 
(11)  .r  +  3.  (12)  x+2.  (13)  2(.c-7).  (14)  a  +  26. 
[15)  x-2y.  (U)  x+2y.  (17)a-6.  (18)a  +  6  +  c. 
(19)  x+l.     (20).  ic+y/. 

Ex.  37.  (1)  aWc.  (2)  12»rV-'.  (3  24xf zhv".  (4)  30a56V 
(5)  (a-6)(a  +  6;''.  ( G)  (a  +  6 )  (a^  +  i^').  (7)  (2x- -  1)  (2./j 
+  1)1  {8)  (x-2)(x'  +  8).  (9)6(6'^-l).  (10)  (x-^  +  y^^) 
(x  +  yf.  (11)  (a;  +  2)  (.x  +  3)(.x-  +  4).  (12)  (a;  +  4)  (:«  -  4) 
(a; 4-5).  (13)  (a;+ 1)  ,rc  -  1  j  (.r  -  4).  (14)  (a;  + 1 )  (2.-r- 3)^. 
(15)  (a +  46)  (a +  36)-.        (16)  (2a-- 1)  (2.x- +  3)  (3x-4). 

(17)  (46- 1)  (6  +  3/.      (18)  (a  +  6-c)(a  +  6  +  c)2.      (19) 
(a  +  6  +  c)  (a  +  6  ^  c)  (a  -  6  .-  c).     (20)  (x  +  2)»  (x  +  3)'^ 

Ex,  38.  (1)4,  (2)  -4.  (3)  .^3,  (4) -3.  (5)4.  (C)-a, 
(7)6.      (8)8.      (9)^5,     (iO)  3,     (11)^7.     (12)5. 
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(13)  -13^.  (14)  5.  (15)  10.  (IG)  tV  (17)  -5. 
(IS)  12.  (10)5.  (20)  If.  (21)  fg.  (22)5/,.  (23) 
-8.     (•-U)-U.     {i^^)^}.     (26)131      (27)  2jV     (28) 

14.  (29)0.  (30)-2G.  .31)  -91  (32)  9,-%  (33)1 
(34)24.     (35)- 25.     (36)  4|.     (37)21.     (38;i^.     (39) 

Ex.  39.  (1)  12.     (2)  131.     (3)  171.      (4)  18.     (5)  20.     (6) 

15.  (7)561.  (8)70.  (9,-12.  (10)-66.  ( 1 1 )  -  20. 
(12)  1^  (1.3)  -7.  (14)  -ii.  (15)1".  (16)6.  (17) 
9.  (18)  10.  (19)  8.  (20)  5.  (21)  6f|.  (22)  U. 
(23)  5.  (24)  5|.  (25)  56.  (26)  2|.  (27)  6.  (28)  il 
(29)  -f     (30)  3J. 

Ex.  41.  (1)  2.r.  (2)5.r.  (3,  a;+2.  {i)x-4.  (5)2x-+20. 
(6)  (.^-+10;-.  (7)  .'6- (a; +  7).  (8)  x'-GO.  (9)  a- -50. 
(10)100-3-.  (11)  40-a;.  (12)2a;-40.  (13)2.r-10 
=  3C.  (14)  (2.7;  +  3)-  =  4.7r.  (15)  3a;  +  20  =  50.  (16) 
a;+l.     (17)  a;+l,  .>;+2,  .X+.3.     (18)  (r  +  1)  (.,+ 2)=  56. 

(19)  {x  +  6y-'  -  20  =  (x + r>y.    (20)  (.>•  + 1 )  (x  +  2;  -  (x  - 1 ) 

(.r-2)  =  42. 
Ex.  42.  (1)  ib-x.  (2)  ^4.  (3)  $15.  (4)  2r.  (5)  28. 
(6)38,  IG.  (7)16,38.  (8)16.  (9;  10.  (10)26.  (11)18. 
(12)20.  (13)45.  (14)14.  (15)42.  (16)  ^  $42.13. 
(17)16.  (18;  4.  (19)12.  (20)^1  $43.  (21)4.  (22) 
14.  (23)  A  42.  (24)  $350.  (25)  6.  (26)  210.  (27 1 
Son  8.  (28)  2S.  (29)  yl  $50.  (30)  $450.  (31)40. 
(32)24.  (33)341.  (.34)^172.  (35)  10  in.  (36)  3  horses. 
(37)  lOJ*^  minutes.  (38)  29.  (39)  $9.  (40)  60.  (41) 
A  54.  (12)  A  96.  (43)  8  dollars.  (44)  A  $125.  (45) 
James  14.     (46)  29.     (47)  /i  $18.     (48)  Child  5.     (49) 

16.  (r,0)  30.  (51)  16/,.  (52)  56.  (53)  25.  (54) 
$16.  (55)  $20.  (56)24.  (57)  2t:.  (58)  2§  hvs.  (59; 
49.  (60)  Father  54.  (61)21.  (62)120.  (63)  240  sov. 
(64)  240.     (65)   28  men.      (66)  320. 
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Ex.  43.  (1)  4.X--  -  -Ixy  +  y-.  (2)  12  -  10«.  (3)  (.r  -  20). 
(a;+28j,  (x-+ 20)  (a^  -  28).  (4)  ^.  (5)  25.  (6)  \%x' + 
\x  +  \.  ( 7 )  «-  +  4/r  +  c-  +  9r^-  -  A:((h  -  4 />c  +  2ac  -  ^ad  + 
1  '2bd  -  &rd      (8)  «■-  -  U-  +  c-  -  9rf-  +  2r/c  -  1 2bd.      (9 )  1 . 

(10)  12,  4.  (11)  x^  ~  x'Hj  +  xY  - -f^if' +  y\  ac* -\- ai.''i/ +  y-i/ + 
xf  +  y\  (12)2.,-.  /13)ll.r-16.  (14)4.  (15,.  (..•-»/) 
(.*;  +  y)  (.>:••=  +  //-')  {x*  +  y*}  {..^  +  /).  (16)  x' +  x*y  +  x^y-  +  j? 
V'  +  xy'  +  y'.  (17)  0.  (18)  (8..  +  ;.)  (8.. -4  (19;  25. 
{2\)  x''-xhj+a?<f^  .ry  +  :>y  /.  (22)  (r  -  20)  0^^  +  3), 
(x  +  o){x  -   4).         (24)     14^.  (2G)    b*  +  b-c-  +  c\ 

(27)  (3x-  +  5y)  (5x  +  3y),  (3..- -Vj^)  (5x-  +  3y).  (29)  3-}-i. 
(31)  a;^  +  .«'  +  x-' +  ./;-+  1.  (33)  x--  +  8^  +  27z^  -  18.X7/2. 
(34)58,98.  (35)0.  (36)  /*  +  /W-  + ;,i^  (37)  .>■- +2/'  + 
2-  —  xy  ~  yz  -  zx.  (38;  .^•"-  +  y-  +  4»-  -  xy  -  'lyz  -  2zx. 
(39)  9,  15.  (40)  -  1|.  (42)  x-  +  y- +  z- +  xy +  yz  -  zx. 
(43)   20.-  -  2 la.      (45)  3y\.      (46)   9.7.-  +  y-  +  -;-'  -  ^xy  -  Qxz 

+  2yz.       (47)     a-b-c)   {a  +  b-c).       (48)   i(y  +  9ar  +  26a; 

+  24.  (49)  ar  +  /'  +  92-  +  a;*/  +  Zjz  -  'Ayz  (50)  - 1. 
(51)  x«  -  1.  (53)  (X  +  .y)  (t.  +  2y  +  \).  (54)  45,  27. 
(55)  -8fi.  (58)  (3a  +  4^»)  (4«-5//).  (59)  -.ar  +  c> 
(60;  28.  (62)a;'-a;y  +  2/2-23;  +  3/+l.  (63)0.  (64)10. 
(65)  -120|.  (66)  «2  +  7,._  ig  (67)0.  (68)3.  (69) 
wr  +  4/r  +;/-  +  if/-  +  4mri  -  2uq)  +  iniq  -  inp  +  Snq  -  4:jyq. 
{70)  0. 

^^    (10)^.   (11)  ^"i^^. 

c  +  d  X  -  y 

(14)  4.        (15)^^. 
'X  +  y  m  —  In 

(18)  -^•'''~^)'.    (19)^1^1^1-1. 

(20)-^.     (21)— i-.     (22)  _i!!±^.       (23)2-^-^^^. 
'  b-\  x-  +  y'  a-  +  2«  +  1        ^      Ma:  +  V 
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(24)  ^^~  ^  Clb)  ^1±1±5.  (26)  ^±lzi.  {9.7)  a-f>-c-d 
a^+l  a  -  b  -  c  X  -  y  -  z  a  +  h  -  c  -  d 

Ex.  45.  (1)  ac.  (2)  xz.  (3)  ab.  (4)  np.  (5)  y/>.  (6)  ab. 
{7)Sxi/z.  (S)  I2abc^.  {9)  icu?.  (10)  ax.  (11)  an.  (12) 
96.  (U)(a  +  xf.  (14)x-  +  5.r  +  6.  (15)  (x- 7)-.  IG. 
(r  +  2ab.  {\7)  a- -  a  -  2.  (18)  6'  + 26  -  15.  (19)  a  -  b 
(20)  (x  -  y)-.  (21 )  b-  -  C-.  (22;  b  +  5c.  (23)  x  +  y.  (24) 
a'-  +  ai. 

Ex.46.  (D;-,-^-.     (2;i?,....     (3)^,....    (4)4,--.. 
2./;    2./;  nr  abc  abc 

/-\  26r  ,^.     rt-6  ,^,  a} -ah  .q. 

(o)  ....  (6)-    ,.^....  (/)^_^^,....         (8) 

^  +  -vy  /Qx      3x+12  ,,Q.         4a  +  8 


a:^  -  y-  .X"  +  7m  +  1 2  rt^  +  6a  +  8 

(11)       "-.^%---  (12)  "-"^ 


2(a-   -    1)  (a-+l)(.r+2)(x-  +  5)' 

(13)     ri-Jli).',     .    .  (14)  '-''  +  ''" 


(.'C  +    If  '      '      (6   -   c)  (6  +  c/ 

(15)  (iLtf;....  (16)  "',^1^-:-^    ...       (17) 

jcy  bd  (6   -  a  ) 

a  +  b  ^^g^  a^-/.^ 


(rt  +  b)  {b  +  c)  {c  +  a)  (a  -b)  {h  -  c)  (c  -  a) 

Ex.  47.     (1)^".     (2)    ^"^.     (3)   i-.     (4)   il.     (.5)    1.      (6) 
b  12  ux  12.T 

1.       (7)  ^-Ji^.       (8)   ts:M.ll\       (9)    .!_.     (10) 
X'  -  y-  .>r  -  y'.  a^  -  4 

(11)    ^r^/         (12)    — ^f^?-.         (13) 


a-  —  1 6                   .T^  -  y-                       ^  -  y'  a^  -  i 

(14)  _^.      (1.5) 2x+4_  8-x 

.'-'     //-•                 (x+l)^(x  +  3.  (a^-l)(a--2) 

(17) ■: .  (18)  't±!'.  (19)  ^JrLiy). 

(20)    1.      (21)    1.      (22)    0,      (23)  ,^rz^^. 
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Ex.    48.     (1)    1.       (2)     ±        (o)  1.      (4)  1.       (5)  ^ 
lU  45?  yztv. 

«:.     f7)(fit^.      (8)  -11^.       (9)    1.      (10)1. 
be  {a  -  hf  X  ah 

(11)-^       (12)  ^±2^.      (13)1.     (14)1.     (15)-^. 
X  -  ^  x  —  y  m  -  On 

(16)    ('IZ^y'.      (17)    (''-±^±'^\      (18)  ^.     (19)   1. 
(x  +  1  )■  {a  +  b  -cf  x+'2 

(20)   1. 

Ex.  49.    (1)  -^:-.       (2)  -^.       (3)   1^.       (4)  ^.       (5)   1. 

b-  ay  oc'^  pq 

(6)  -:±|?.       (7)  i"-^)    ["^^>.       (8)  5±]         (9)    1. 

cf  —  oy  [X  +  1)     {x  -6)  x+  o 

(10)  ^Lzi.    (11)  fi^.     (12)1.     (13)^^;+-^^^'.     (14)  i^^ 
■    a  +  1  X-  +  y~  ab 

{a+b)       ^     ^x{x-2)      ^     '  2(p?  +  ¥)      ^     '  a  +  b 

Ex.  50.  (1)2.     (2)1      (3)3.     (4)2.     (5)2^^.     (G)  8.     (7) 

8.     (8)    8.     (9;  8.     (10)    8.     (11;  8.     <12)   2.  (13)  2. 

(14)  ^.     (15)  5.     (16)  2.     (17)  2.     (18)    -h  (19)  0. 

(20)    7'.     (21)    3.     (22)    U.     (23)   0.     (24)    2.  (25)    1. 

(26)  ^V     (27)  2#f     (-8)-  -2.      (29)2.     (30)  |.     (31) 

-7.  "(32)31.  (33)  -2.  (34)  4*.  (35)  7f.  (36)  1^. 
(37)  -If.     (38)  4.     (39,  r. 

Ex.  51.  (1)48.     (2)44.     (:5)3i.     (4)34.     (5)27.     (6)420. 

(7)  2.  (8)  1.  (9)  l^V  (10)  ^V  (11)  $1542f  (12) 
5,  7.  (13)  $152.  (14)  720.  (15)  $6948.  .16)  .$540. 
(17)  12.     (18;  51,  27.     (19)  $9600.     (20)  40,  60.     (21) 

mn 

$1270.      (22)    $300.      (23)    27.      (2-1)    17.      (25)  — ■ — 
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(26) 


pq 


V 


V 


(27)^-^-^^-    (28)15.     (29)(m  +  n)^.    (30) 
np 


in  +  n    VI  -\-  ti    ir.  +  :i 

Ex.  b2.  (I)  a-  +  2ah  +  h--c-.  (6)  {x  -  tj -[-z -\)  {x  +  y  -  z-\). 
(4)  11.  (5)  a;2  +  .3a;-9.  (7)  2a'b' +  ^h-c"  +  2<-'a  -  a' - 
b'-c\  (8)  a-h  +  c-d  (9)  Identity.  (10)1;  2. 
(11)  .x-'"'-G!.  (12)  257f  (13)  (oO.f-1)  (a;-3>.  (14) 
1320.  (lo)  -3f^j.  (IG)  0.  (17)  a^  +  a-'b  +  d'c  +  a-d  + 
abc  +  a\l  +  acd  +  bed,  cv"  +  2a- -  5a  -  G.  (18)1.  (19)5, 
15.  (20;  2h.  (21)  {x-2)  (x  +  l)  (x  +  S)  (.r  +  G). 
{22)l+ij  +  z  +  f-2/z  +  z'.  (23)  7«- 26 -4c.  (24)  ai  + 
bc  +  ca  +  c-.  (25)  -1^..  (27)  a^+3«-  +  3a  +  l,  (29)  3^^-. 
(31)  (1  ox  +  y)  ( 2x  -  ny^ .  (33)  a^  +  b'  +  c^  +  3a-b  +  3a-c  + 
3ab-  +  3ac-  +  3b'C  +  3bc'  +  Gahc,   ^?  +  %y^  +  z^  +  Qx^y  -  3x-z  + 


1 2xy-  +  3xz-  -  1 2y-z  +  Gyz-  -  1 2:ryz. 


(34)   ±,   «  +  J^ 


(35)    -1.      (36)  (x--l)(3^+l).      (37)  ^-^ji±p.      (38) 

a-  -  0- 

-f      (40)2.      (42)181.      (43)  4fv-     (44)  C,  9.     (46) 

1.     (47)  10.     (48)1  7. 


(U 


I  Ay 


1  i  /^^i^V3'. 

- — y 


^  If 


//• 


J^ 


^y^*'^^^  /<^ 
'>•>> 

U. 


